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Abstract 

Graph homomorphism problem has been studied intensively. Given an m x to symmetric matrix 
A, the graph homomorphism function is defined as 

^a(g) = n 

^■.V~*lm] {u.,v)eE 

where G = {V^E) is any undirected graph. The function Za(G) can encode many interesting 
graph properties, including counting vertex covers and /c-colorings. We study the computational 
complexity of Za{G) for arbitrary complex valued symmetric matrices A. Building on work by Dyer 
and Greenhill [5], Bulatov and Grohe [5], and especially the recent beautiful work by Goldberg, 
Grohe, Jerrum and Thurley [10] . we prove a complete dichotomy theorem for this problem. 
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1 Introduction 



Graph homomorphism has been studied intensively over the years \16\ [12\ [U [9l [21 [5] . Given two graphs 
G and H, a graph homomorphism from G to is a map / from V{G) to V{H) such that whenever 
{u,v) is an edge in G, (f{u),f{v)) is an edge in H. The counting problem for graph homomorphism 
is to compute the number of homomorphisms from G to H. For a fixed graph H, this problem is also 
known as the ^//-coloring problem. In 1967, Lovasz [16] proved that H and H' are isomorphic iff for 
all G, the number of homomorphisms from G to H and from G to H' are the same. 

In this paper all graphs considered are undirected. We follow standard definitions: G is allowed to 
have multiple edges but no loops; H can have loops, multiple edges, and more generally, edge weights. 
Formally, let A be an m x m symmetric matrix with entries (Aij), i,j £ [m] = {1,2, . . . ,m}. For any 
undirected graph G = {V, E), we define 

ZAiG)= n (1) 

^■.V^[m] {u,v)£E 

This is also called the partition function from statistical physics. 

Graph homomorphisms can express many natural graph properties. For example, if we take H to 
be a graph on two vertices {0, 1} with an edge (0, 1) and a loop at 1, then a graph homomorphism from 
G to H corresponds to a Vertex Cover of G, and the counting problem simply counts the number 
of vertex covers. As another example, if H is the complete graph on k vertices (without self loops), 
then the problem is exactly the A:- Coloring problem for G. Many additional graph invariants can be 
expressed as Za(G) for appropriate A. Consider the Hadamard matrix 

where we index the rows and columns by 0, 1. In Zh(G), every product 

(u,v)eE 

and is —1 precisely when the induced subgraph of G on ,^~^(1) has an odd number of edges. Therefore 
(2" — Zh(G))/2 is the number of induced subgraphs with an odd number of edges. Also expressible as 
Za{G) are 5-flows where S is a subset of a finite Abelian group closed under inversion [9J. If we take 




then Za.{G) = 2" if G is Eulerian and otherwise. Further examples include (a scaled version of) the 
Tutte polynomial T{x, y) when (x — l){y — 1) is a positive integer. In [9], Freedman et. al. characterized 
what graph functions can be expressed as Za_{G). 

In this paper, we study the computational complexity of Za.{G), where A G f^^xm jg arbitrary 
fixed symmetric matrix over the complex numbers and G is an input graph. The complexity question 
of Za(G) has also been intensively studied. Hell and Nesetfil |1H 112] first studied the computational 
complexity of the i/-coloring problem (that is, given an undirected graph G, decide whether there exists 
a graph homomorphism from G to H) and proved that for any undirected graph H, //-coloring is either 
in P or NP-complete. Results of this type are called complexity dichotomy theorems. This includes the 
well-known Schaefer's theorem [18] and more generally the study on constraint satisfaction problems 
(CSP in short) [4J. In particular, the famous dichotomy conjecture by Vardi and Feder ^ on Decision 



4 



CSP motivated much of subsequent work. In [6j Dyer and Greenhill studied the counting version of the 
i7-coloring problem and proved that for any 0-1 symmetric matrix A, computing Z\(G) is either in P or 
T^P-hard. Bulatov and Grohe [2] generahzed this result to all nonnegative symmetric matrices A. They 
obtained an elegant dichotomy theorem, which basically says that Za(G) is computable in P iff each 
block of A has rank at most one, and it is ^^P-hard otherwise. More precisely, decompose A as a direct 
sum of Aj which correspond to the connected components Hi of the undirected graph H defined by the 
nonzero entries of A. Then, Za(G) is computable in P if every Z^-{G) is, and ^^P-hard otherwise. For 
each non-bipartite Hi, the corresponding Zxi{G) is computable in P if Aj has rank at most one, and 
#P-hard otherwise. For each bipartite Hi, the corresponding Zxi{G) is computable in P if 



where Bj has rank one, and ^^P-hard otherwise. 

The result of Bulatov and Grohe is both sweeping and enormously applicable. It completely solves 
the problem for non-negative symmetric matrices. However, the Hadamard matrix H in ([2]) presents 
an obstacle. In general, unlike non-negative A, when there are both positive and negative entries in 
A, there can be substantial cancelations in the exponential sum Za(G'), which may yield surprisingly 
efficient computations. This is not dissimilar to monotone versus non-monotone complexity. Indeed the 
Hadamard matrix H turns out to be one such case. This is the starting point of the next great chapter 
on the complexity of Za(G) by Goldberg et. al. 

In a paper [TO] comprising 73 pages of beautiful proofs of both exceptional depth and conceptual 
vision, Goldberg, Jerrum, Grohe, and Thurley proved a complexity dichotomy theorem for all real- 
valued symmetric matrices A. Their result is too intricate to give a short and accurate summary here, 
but essentially it states that the problem of computing Za(G) for any real A is either in P or ^P-hard. 
Again, which case it is depends on the connected components of A. The overall statement remains that 
Za{G) is tractable (computable in P) if every connected component of A is, and is #P-hard otherwise. 
However, the exact description of tractability for connected A is much more technical and involved. 
The Hadamard matrix H and its tensor products H H • • • H play a major role in the tractable 
case. If we index rows and columns of H by the finite field Z2, then its {x,y) entry is (—1)^^. For the 
non-bipartite case, there is another 4x4 symmetric matrix H4, different from H H, where the rows 
and columns are indexed by (Zi2)^, and the entry at ((xi,X2), (yi,y2)) is (— l)^if2+^2yi ^ These matrices, 
and their arbitrary tensor products, all correspond to new tractable Za(G). In fact, there are some 
more tractable cases, starting with what can be roughly described as certain rank one modifications on 
these tensor products. 

The proof of [TO] proceeds by establishing a long sequence of successively more stringent properties 
that a tractable A must satisfy. Ultimately it arrives at a point where satisfaction of these properties 
implies that Za.{G) can be computed as 



where / is a quadratic polynomial over Z2. This sum is known to be computable in polynomial time [TO] 
in n, the number of variables. In hindsight, the case with the simplest Hadamard matrix H which was 
an obstacle to the Bulatov-Grohe dichotomy theorem and was left open for some time, could have been 
directly solved, if one had adopted the polynomial view point of [lOj. 

We independently came to the tractability of Zh(G) from a slightly different angle. In [3], we were 
studying a certain type of Constraint Satisfaction Problems. This is motivated by investigations of 
a class of counting problems called Holant Problems, and it is connected with the technique called 
holographic reductions introduced by Valiant \19\ I20|. Let us briefly describe this framework. 
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A signature grid Q, = {G, J^) is a tuple, where G = {V, E) is a graph, and each w S F is attached a 
function G J^. An edge assignment a for every e £ E gives an evaluation ni;ey Fvi^r \ e{v))j where 
E{v) denotes the incident edges of v. The counting problem on an input instance O is to compute 

Holant(17)= J2 YIPv(.ct\e(.)). 

edge assignments cr vdV 

For example, if we take a : E ^ {0, 1}, and attach the Exact-One function at every vertex v € V, 
then Holant(r2) is exactly the number of perfect matchings. (Incidentally, it was proved in [S] that 
counting perfect matchings cannot be expressed as Zx{G) for any matrix A over M. However, every 
function Zx{G) (vertex assignment) can be simulated by Holant(r2) (edge assignment) as follows: A 
defines a function of arity 2 at every edge of G. Consider the bipartite Vertex-Edge incident graph 
G' = {V{G),E{G),E') of G, where {v, e) e E' iS e is incident to v in G. Attach the Equality function 
at every v £ V{G) and the function defined by A at every e G E{G).) We denote a symmetric function 
on Boolean variables xi, . . . , j;„ by [/o, /i, • • • , /n], where fi is the value on inputs of Hamming weight 
i. Thus the Exact-One function is [0, 1,0, .. . ,0], and H is just [1, 1, -1]. 
We discovered that the following three families of functions 
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give rise to tractable problems: Holant(r2) for any 0, = {G,J-'i U -^a) is computable in P (here we 
listed functions in J^i in the form of truth tables on k Boolean variables). In particular, we note that by 
taking r = 1, A; = 2 and A = (1 + i)~^ in J^^, we recover the binary function [1, 1, —1] which corresponds 
to exactly the Hadamard matrix H. If we take r = 0, A = 1 in .Fi, we get the Equality function 
[1,0,..., 0, 1] on k bits. This shows that Zh(G) is a special case of Holant(O). 

However, more instructive for us is the natural way in which complex numbers appeared in such 
counting problems, especially when applying holographic reductions. One can say that the presence 
of powers of i = \f—\ in .Fi U U Tj, "reveals" the true nature of H (i.e., [1, 1, —1]) as belonging to 
a family of tractable counting problems, where complex numbers are the right language. In fact, the 
tractability of Holant(f2) for O = {G^T\ U J^2 U .7-3) boils down to an exponential sum of the form 

where each Lj, j G [s], is an indicator function of an affine linear form of xi, X2, . . . , x„ over Z2. Thus 
the exponent of i in the equation is a mod 4 sum of mod 2 sums of xi, 3:2, . . . , Xn. From here it is only 
natural to investigate the computational complexity of Za(G), for a complex matrix A. 

Our investigation of complex-valued graph homomorphisms is also motivated by partition functions 
in quantum physics. In classical statistical physics, the partition function is always real-valued. However 
in a generic quantum system, for which complex numbers are the correct language, the partition function 
is in general complex- valued [8]. In particular, if the physics model is over a discrete graph and is non- 
orientable, then the edge weights are given by a symmetric complex matrix. 

Our main theorem is the following 

Theorem 1.1 (Dichotomy Theorem). Let A be a symmetric complex matrix. Then Za.{-) either can 
be computed in polynomial time or is ^P-hard. 
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Due to the complexity of the proof of this theorem, both in terms of its overah proof structure and 
in terms of technical difficulty, we will first give a high level description of the proof for the bipartite 
case in Section [3l We then prove the First and Second Pinning Lemmas in Section |H A more detailed 
outline of the proof for the two cases (bipartite and non-bipartite) with all the definitions and theorems, 
is presented in Section [5] and Section [U respectively. We prove all the theorems in the rest of the paper. 



2 Preliminaries 

We use Q, M, and C to denote the set of all rational, real, and complex numbers, respectively. 

For a positive integer re, we use [re] to denote the set {1, . . . ,re} (when n = 0, it is just the empty 
set). We also use [rre : n], where m < n, to denote the set {m, rre + 1, . . . , n}. We use In to denote the 
all-one vector of dimension re. We omit re when it is clear from the context. 

Let X and y be two vectors in C", then we use (x,y) to denote their inner product Y17=i ^iVi' 
x o y to denote their Hadamard product: z = x o y G C", where Zi = Xi ■ yi for all i G [re]. 

Let A = {Aij) he a k X I matrix and B = (Bij) be an m x re matrix. We use Aj^^,, i £ [k], to 
denote the ith row vector, and A*j-, j G [£], to denote the jth. column vector of A. We let C = A (8) B 
denote the tensor product of A and B: C is a km x in matrix whose rows and columns are indexed 
by [k] X [rre] and [i] x [re], respectively, and satisfies 

C(n,i2),(ii,i2) = ^nji ' -^i2,j2> for all ii € [k], 12 G [re^], ji € [P\ and j2 G [re]. 

Let A be an re X re symmetric complex matrix. We build an undirected graph G = {V, E) from A 
as follows: V = [re], and ij € iff Aij ^ 0. We say A is connected if G is connected; and we say A 
has connected components Ai, . . . , Ag, if the connected components of G are Vi, . . . , and Aj is the 
\Vi\ X \Vi\ sub-matrix of A restricted by Vi C [re], for all i G [s]. Moreover, we say A is bipartite if the 
graph G is bipartite; otherwise, A is non-bipartite. Let E and H be two permutations from [re] to itself, 
then we use A^^n to denote the re x re matrix whose {i,j)th entry, where i,j £ [re], is ^E(i),n(j)- 

We say C is the bipartisation of a matrix F if 

F 

F^ 

Note that C is always a symmetric matrix no matter whether F is or is not. For a positive integer 
we use Wat to denote e^'^'/^, a primitive A^th root of unity. We say a problem A is tractable if it can be 
solved in polynomial time. Given two problems A and B, we say A is polynomial-time reducible to B 
(or A < B), if there is an algorithm that solves A in polynomial time using an oracle for B. 

One technical issue is the model of computation with complex numbers. We can take any reasonable 
model of real or complex number computation, as long as arithmetic operations such as + and x are 
computable, and equality is decidable [lill3]. For the most part this issue of computation model seems 
not central to this paper, in part because we consider the matrix A to be fixed and the complexity 
measure is on the size of the input graph G. In the most restrictive sense we can require entries of A to 
be algebraic numbers. Over the algebraic numbers, our dichotomy theorem gives a decidable criterion. 



2.1 Definitions of EVAL(A) and EVAL(C,S)) 

Let A G C*"^™ be a symmetric complex matrix with entries (Aij). It defines a graph homomorphism 
problem EVAL(A) as follows: Given an undirected graph G = {V,E), compute 

Za{G) = ^ wtA(C)> where wtA(0 = H "^iH^Civ)- 

S,:V^lm] iu,v)£E 
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We call ^ an assignment to the vertices of G, and wtA(C) the weight of S,. 

To study EVAL(A), we define a new and larger class of EVAL problems. It is a generalization of the 
edge- vertex weight problems introduced in [10]. See also [1 7| . 

Definition 2.1. Let C G ([^mx-m symmetric matrix, and 

2) = {dM,dW,...,d[^-i1} 

be a sequence of diagonal matrices in C™^™ for some N > 1 {we use D^[^ to denote the (iji)^^ entry of 
DM). We define the following problem EVAL(C,S)).- Given an undirected graph G = {V,E), compute 

^■.V-^[m] 

where 

\iu,v)(^E J VtieV / 

Let G be an undirected graph, and Gi, . . . ,Gs be its connected components. Then 
Lemma 2.1. Zc,s,(G) = Zc,j,(Gi) x . . . x Zc,j,(G,). 

Lemma |2 . II implies that, if we want to design an efficient algorithm for computing .^c,2)(")) '^^ only 
need to focus on connected graphs. Furthermore if we want to construct a reduction from one problem 
EVAL(C,2)) to another EVAL(C', 2)'), we only need to consider input graphs that are connected. Also 
note that, since EVAL(A) is a special case of EVAL(C,2)) (in which every is the identity matrix). 
Lemma |2. II and the remarks above also apply to Za. and EVAL(A). 

Now suppose C is the bipartisation of an m x n matrix F (so C is (m + n) x (m + n)). For any 
graph G and vertex u in G, we define Zq^{G,u) and Z^^{G,u) as follows. Let Hi denote the set of 
^ : y — > [m + n] with ^(n) G [m], and H2 denote the set of ^ with ^(u) G [m + 1 : m + n], then 

Zc,'s{G,u) = ^ wtc,3(0 and ^^^^^(G,^) = ^ wtc,s(0- 
It then follows from the definition of 2'c,s, ^c*s ^i^^ ^CD that 

Lemma 2.2. For any graph G and vertex u £ G, Zc,j)(G) = Z^^{G,u) + Z^^{G,u). 
The reason we introduce Z^^ and .Z'^j, is because of the following useful lemma. 

Lemma 2.3. For each i G {0, 1, 2}, FW is an rrii x complex matrix for some positive integers rui, ni; 
is the bipartisation o/F^; and 

2)H = {d[''0],...,D^^-i1} 

is a sequence of {rrii + ni) x {mi + ni) diagonal matrices for some positive integer N , where 

/p[j,r] 



and p[*'''l, Q[*'''1 are rrii x "ij, rij x diagonal matrices, respectively. Suppose tuq = mim2, uq = nin2, 
p[0] = Ft^l F[2] , p[0''^l = p[i''-] pp.'-] , and Q[°''^1 = Q[^'''1 Q^'''] , for all r e [Q : N - I]. 
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Then for any connected graph G and any vertex u* in G, we have 

Proof. We only prove (I3D about Z"^. First note that, if G is not bipartite then Z^^^^ ^^■^{G,u*) = for 
ah i e {0, 1, 2}, and dSD holds trivially. 

Now suppose G = {U U V, E) is a, bipartite graph, u* G U, and every edge uv £ E has one vertex u 
from U and one vertex v from y. We let Hj, i G {0, 1, 2}, denote the set of assignments from U UV 
to [mi + nj] such that ^j(n) G [mj] for all u £ U and ) G [rrij + 1 : mj + n,] for all u G Since G is 
connected, we have 

-2'cW,sw(G''^*) = X] ^*cW,swte)> ft"^ i G {0,1,2}. 

To prove ([3]), we define the following map /> : Hi x H2 ^ Hq: p(Ci,'^2) = Co, where for every u £ U, 
£,o{u) is the row index of F'^] that corresponds to row ^i{u) of FW and row C2('u) of F[^] in the tensor 
product fI"! = F'^I F''^]; and similarly, for every v £ V, £,o{v) — niQ is the column index of F^*'! that 
corresponds to column Ci(f) — mi of F^^l and column S,2{v) — m2 of F^^l in the tensor product. One can 
check that p is a bijection, and 

Wt(-;[0]^J)[0] (Co) = Wt(-;[11^2)[l](Cl) • Wt(-;[21^J,[2l(C2), if ^(6,6) = Co • 

Equation ([3]) then follows. □ 
2.2 Basic #P-Hardness 

We state the complexity dichotomy theorem of Bulatov and Grohe as follows: 

Theorem 2.1 (Bulatov and Grohe p|). Let A be a symmetric and connected matrix with non-negative 
entries, then EVAL(A) is either in P or #P-complete. More precisely, 

- If A is bipartite, then EVAL(A) is in polynomial time if the rank of A is 2; Otherwise 
EVAL(A) is #P-complete. 

- If A is not bipartite, then EVAL(A) is in polynomial time if the rank of A is at most 1; 
Otherwise EVAL(A) is ^P-complete. 

Theorem 12.11 gives us the following useful corollary: 

Corollary 2.1. Let A be a symmetric and connected matrix with non-negative entries. If 

is a2 X 2 sub-matrix of A such that all of its four entries are nonzero and Ai^kAj,e 7^ Ai,i-Aj,k, then the 
problem EVAL(A) is #P-complete. 
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3 A High Level Description of the Proof 



The first step in the proof of Theorem II .11 is to reduce the problem to connected graphs/matrices. 

Let A be an m X m symmetric complex matrix. It is clear that if G has connected components Gi, 
then 

ZK{G) = X{Z^{Gi); 

i 

and if G is connected and A has connected components Aj, then Za(G) = Za.{G). Hence if every 
ZAji') is computable in P, then so is Za.{-). 

The hardness direction is less obvious: suppose .^Aj (-) is #P-hard for some j, we want to show that 
Za{-) is also #P-hard. We do this by showing that computing Z\^{-) is reducible to computing Za.{-). 
Let G be an arbitrary input graph. To compute Za^ (G) it suffices to compute Za^ (Gi) for all connected 
components Gi of G. Therefore, we may assume that G is connected. Define a pinning version of the 
■^a(") function as follows. For any chosen vertex w € V{G), and any k £ [m], let 

ZA{G,w,k)= ^ Jl 

S.:V^[m],S.iw) = k {u,v)(^E 

Then we can prove a Pinning Lemma (Lemma 14. ip which states that the problem of computing Za{-) 
is polynomial-time equivalent to computing Za{-, •, •)• Note that if Vj denotes the subset of [m] where 
Aj is the sub-matrix of A restricted by Vj, then for a connected G, Za^ (G) = YlkeVj -^a(G, k). 

The proof of this Pinning Lemma (Lemma 14. ip is a standard adaptation to the complex numbers 
of the one proved in [TO]. However, for technical reasons we will need a total of three Pinning Lemmas 
(Lemma 14. H 14.2 1 and 18. 2P where some proofs are a bit more involved. We also remark that the Pinning 
Lemma proves the existence of polynomial-time reductions between Za{-) and Za{-, •, but the lemma 
does not constructively produce such a reduction, given A. The proof of the Pinning Lemma in [TO] 
uses a recent result by Lovasz |17j . which was proved for real matrices. We give a direct proof without 
using this result of Lovasz. 

After this preliminary step, we restrict to connected A. As indicated, to our work the two most 
influential predecessor papers are by Bulatov and Grohe [2] and by Goldberg et. al. [TO]. In both papers 
the polynomial-time algorithms for the tractable cases are relatively straightforward. The difficult part 
of the proof is to show that in all other cases the problem is #P-hard. Our proof follows a similar 
overall conceptual framework to that of Goldberg et.al. [TO]. However due to the difficulties introduced 
by the complex numbers, both the overall organization and the substantive part of the proof have to be 
done separately. This difficulty starts with the most basic proof technique called gadget constructions, 
to be discussed shortly. Technically, it turns out that all our hardness proofs are reductions to the 
non-negative case using Bulatov-Grohe [2] rather than to [10] . The difficulty with proving hardness for 
complex matrices goes deeper than appearance. Intuitively, the complex numbers afford a much richer 
variety of cancelations, which could lead to very efficient algorithms. It turns out that this is indeed the 
case, and we obtain more non-trivial tractable cases. These boil down to certain exponential sums over 
rings of a quadratic polynomial with a base that is a root of unity. While the corresponding sum for 
finite fields is known [15], the corresponding result over rings appears to be new and is of independent 
interest. (Odd prime powers behave somewhat differently than powers of 2. The dichotomy theorem of 
[10] can be considered as the special case where the only root of unity is —1.) 

We now briefiy describe the proof structure for connected A. As has already been used many times 
before, a key tool in the proof of hardness is to design graph gadgets, which takes any input graph G 
and produces a modified graph G* with the following property: One can transform the fixed matrix A 
to a suitably modified matrix A*, such that Za*{G) = Za{G*). A simple example of this maneuver is 
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called thickening where one replaces each edge in G by i parallel edges to get G* . Then it is easy to see 
that A* is obtained from A by replacing each entry Aij by its t^^ power (j4jj)*. In particular, if A is 
real and t is even, this produces a non-negative matrix A*, to which one may apply the Bulatov-Grohe 
result. The equality Za*(G) = Z^{G*) shows that if ^a*(") is #P-hard then so is Z\[-). 

For Theorem ll.il we immediately encountered the following difficulty. Any gadget construction will 
only produce a matrix A* whose entries are obtained from entries of A by arithmetic operations + and 
X. While for real numbers any even power guarantees a non-negative quantity, as was done in [TU], no 
obvious arithmetic operations on the complex numbers have this property. Pointedly, conjugation is 
not an arithmetic operation. However, it is also clear that for roots of unity, one can always produce 
conjugation by multiplication. 

Thus, our proof starts with a process to replace an arbitrary complex matrix by a purified complex 
matrix which has a special form. It turns out that we must separate out the cases where the graph 
of the matrix A is bipartite or non-bipartite. A purified bipartite (and symmetric, connected) matrix 
takes the following form 







where 



B 



V 



1^2 



\ 



/Ci.i 

(2,1 



Cl,2 
C2,2 



C,2,m-k 



\Ck,i c 



k,2 



Ck,m—k/ 



fJ-k+2 



\ 



for some 1 < /c < m, in which every > and every is a root of unity. 

The claim is that for every symmetric, connected and bipartite matrix A G ([ynxm^ either we can 
already prove the #P-hardness of computing Z^{-) or there exists a symmetric, connected and purified 
bipartite matrix A' G C™"^"^ such that computing .^a'(') is polynomial time equivalent to computing 
-^a(") (see Theorem 15. ip . For non-bipartite A, a corresponding statement holds (see Theorem 16. ip . For 
convenience, in the discussion below, we only focus on the bipartite case. 

Continuing now with a purified bipartite matrix A, the next step is to further regularize its entries. 
In particular we need to combine those rows and columns of the matrix where they are essentially the 
same apart from a multiple of a root of unity. This process is called Cyclotomic Reduction. In order 
to carry out this process, we need to use the more general counting problem EVAL(C,2)) defined in 
Section 12.11 We also need to introduce the following type of matrices called discrete unitary matrices: 

Definition 3.1 (Discrete Unitary Matrix). Let F G d^mxm ^ matrix with entries (Fij). We say F 
is an M-discrete unitary matrix, for some positive integer M , if it satisfies the following conditions: 

1. Every entry Fij of F is a root of unity, and M = Icmji/ie order of Fij :i,j G [m]}; 

2. Fi^i = Fi^i = 1 for all i G [m]; and 



3. For all i^ j e [m], (Fj,^,,Fj_*) = and (F 
Some simplest examples of discrete unitary matrices are as follows: 



H 



/I 
1 

1 

V 



1 1 

1 -1 

-1 1 

-1 -1 



1\ 

-1 
-1 

1 / 




/I 


1 


1 


1 


1 \ 


1 


c 




e 




1 


e 






c 


1 




c 




e 


VI 




e 


c 
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where uj = e^'^*/^ and C, = e^™l^ . Also note that any tensor product of discrete unitary matrices is also 
a discrete unitary matrix. These matrices play a major role in our proof. 

Now we come back to the proof outline. We show that .^a(") is either ^^P-hard or polynomial time 
equivalent to ^c,j)(") for some C G £;2nx2n. some 2) of diagonal matrices from C^"^^", where C 
is the bipartisation of a discrete unitary matrix, for some positive integer n. In addition to requiring 
C to be the bipartisation of a discrete unitary matrix, there are further stringent requirements for S, 
otherwise is ^^P-hard. The detailed statements can be found in Theorem 15.21 and 15.31 summarized 
in properties (Z^/i) to (Z^s). Roughly speaking, the first matrix D^'^] in 2) must be the identity matrix; 
and for any matrix in 2), every entry of is either zero or a root of unity. We call all of these 
requirements, with some abuse of terminology, the discrete unitary requirements. 

Now assume that we have a problem (C,S)) satisfying the discrete unitary requirements. 

Definition 3.2. Let q> \ be a prime power, then the following q x q matrix J-q is called the g-Fourier 
matrix.- The {x,y)th entry of ^q, where x,y £ [0 : q — 1], is ojq^. 

We next show that either ^c,d(') is #P-hard or after a permutation of rows and columns, C is the 
bipartisation of a matrix which is a tensor product of suitable Fourier matrices. This tensor product 
decomposition into Fourier matrices gives us a canonical way of writing the elements of the matrix C 
in a closed form. After obtaining this canonical expression, we further inquire the structure of 2). The 
canonical tensor product decomposition gives us a way to index the rows and columns of C and every 
diagonal matrix in 2) using elements from a suitable Abelian group. More precisely, the first half and 
the second half of the entries of each DM in D are indexed by (0,x) and (l,x) respectively, where x is 
from the group. It turns out that there are two more properties that we can prove about 2); otherwise 
the problem of computing ^c,X»(') is #P-hard. 

First, for each r, we define A,, and to be the support of DM, where A^ refers to the first half of 
the entries and refers to the second half of the entries: 

A, = {x I Z)M^) / 0} and A, = {x | D^^^ / O}. 

We let S denote the set of subscripts r such that A^ 7^ and T denote the set of r such that A^ 7^ 0. 
We can prove that for every r G 5, A^ = 0^=1 ^r,i is a direct product of cosets in the Abelian group, 
where i = 1, . . . , s correspond to the constituent prime powers of the group. Similarly for every r G T, 
Ar = Yli^i Ar,i is also a direct product of cosets in the same Abelian group; Otherwise, ^c,33(') is 
#P-hard. 

Second we show that for each r G 5 and r G T, respectively, D^^l on its support A,, for the first half 
of its entries and on A^ for the second half of its entries, respectively, possesses a quadratic structure; 
otherwise .^c,x»(') is #P-hard. We can express this quadratic structure as a set of exponential difference 
equations over bases which are appropriate roots of unity of orders equal to various prime powers. 

After all these necessary conditions, we prove that if C and D satisfy all these requirements, then 
there is a polynomial-time algorithm to compute ^c,s>(') and thus, the problem of computing Za{-) is 
in P. As remarked earlier this tractability result may be of independent interest. 

4 Pinning Lemmas and Preliminary Reductions 

In this section, we prove two pinning lemmas, one for EVAL(A) and one for EVAL(C,2)) where (C,S)) 
satisfies certain conditions. The proof of the first lemma is very similar to [10], but the second one has 
some complications. 
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4.1 A Pinning Lemma for EVAL(A) 

Let A be an m X m symmetric complex matrix. We define EVALP(A) as follows: The input is a triple 
{G,w,i), where G = {V,E) is an undirected graph, w £ V is a, vertex, and i £ [m]; The output is 

ZA{G,w,i) = ^ wtA(0- 

^iV— >[m], ^(ui)=i 

It is easy to see that EVAL(A) < EVALP(A), but the following lemma shows that the reverse direction 
is also true. 

Lemma 4.1 (First Pinning Lemma). EVALP(A) = EVAL(A). 

We define the following equivalence relation over [m] (Note that we do not know, given A, how to 
compute this relation efficiently, but we know it exists. The lemma only proves, non-constructively, the 
existence of a polynomial-time reduction. Also see fT7\): 

i ^ j if for any undirected graph G = {V, E) and w £V , Za{G, w, i) = Za.{G, w^j). 

This relation divides the set [m] into s equivalence classes ^i, . . . for some positive integer s. For 
any t 7^ i' S [s], there exists a pair Pt^t' = {G,w), where G is an undirected graph and w is a vertex 
in G, such that (Again, we do not know how to find such a pair efficiently, but it always exists by the 
definition of the equivalence relation 

Zx{G,w,i) = Zp^{G,w,j) / Zp^{G,w,i') = Zx{G,w,j), for all i,j G At and G Af. 

Now for any subset 5 C [s], we define a problem EVAL(A, S) as follows: The input is a pair {G,w), 
where G = {V, E) is an undirected graph and tt; is a vertex in G; The output is 

Za{G,w,S)= Y1 ^*a(0- 

i:V-*[m],^{w)&[J^^gAt 

Clearly, if 5" = [s], then EVAL(A,S') is exactly EVAL(A). We prove the following claim: 

Claim 4.1. // 5 C [s] and \S\ > 2, then there exists a partition {Si, . . . , S/.} of S for some k > 1 and 

EVAL(A, Sd) < EVAL(A, S), for all d € [k]. 

Before proving this claim, we use it to prove the First Pinning Lemma. 

Proof of Lemma \4- 1\ Let {G,w,i) be an input of EVALP(A), and i G At for some t G [s]. We will use 
Claim im to prove that EVAL(A, {t}) < EVAL(A). If this is true, then we are done because 

ZA{G,w,i) = -^-ZA{G,w,{t}). 
\-^t\ 

To prove EVAL(A,{t}) < EVAL(A), we apply Claim HTT] above to S = [s]; if s = 1, then Lemma 
14. II is trivially true. By Claim [^Tl there exists a partition {^i, . . . , 5^} of 5, for some k > 1, such that 

EVAL(A, Sd) < EVAL(A, S) = EVAL(A), for all d G [k]. 

Without loss of generality, assume t G Si. If = {t}, then we are done; otherwise we have t G Si and 
|5i| > 2. In this case, we just rename Si to be S and repeat the process above. Because |5| is strictly 
monotonically decreasing after each iteration, this procedure will stop at some time, and we conclude 
that EVAL(A,{t}) < EVAL(A). □ 
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Proof of Claim \4Tl\ Let t ^ t' he two integers in S (as l^l > 2, such t ^ t' exist). We let Pt^t' = {G* , w*), 
where G* = {V*,E*). It defines the following equivalence relation ~* over S: For a,b £ S, 

a ^* b Za{G* ,w* ,i) = Za{G* ,w* where i E and j S .4fe. 

This equivalence relation ~* is clearly well-defined, being independent of our choices of i S Aa,j G Ab- 
It gives us equivalence classes {Si, . . . , S^}, a partition of S. Because (G* ,w*) = Pt^t'-, by the definition 
of ~*, t and t' belong to different classes and thus, k > 2. For each d £ [k], we let denote 

= Za{G* .w* where i G Aa and a G Sd- 

This Xd is well-defined, being independent of the choices oi a £ Sd and i G Aa- The definition of the 
equivalence relation ~* implies that Xd ^ Xd' for all d ^ d' £ [k]. 

Next, let G be an undirected graph and w be a vertex. We show that, by querying EVAL(A,S') as 
an oracle, one can compute ZA{G,w,Sd) efficiently for all d. 

For each p £ [0 : k — 1] we construct a graph G^^] = as follows. Graph G^^l is the disjoint 

union of G and p independent copies of G* , except that the w in G and the w* 's in all copies of G* are 
identified as one sing le vertex w' £ (thus \V^p^\ = \V\ + p ■ \V*\ - p). In particular, = G. 

We have the following collection of equations: For every p £ [0 : A; — 1], 

Za{G^^\w',S)= Y,{XdY-ZA{G,w,Sd). 
de[fc] 

Because Xd 7^ Xd' for all d 7^ d\ this is a Vandermonde system and we can solve it to get Za.{G, w, Sd) 
for all d £ [k]. As both k and the size of the graph G* are constants that are independent of G, this 
gives us a polynomial-time reduction from E\/AL{A, Sd) to EVAL(A,S'), for every d £ [k]. □ 

4.2 A Pinning Lemma for EVAL(C,D) 

Let C be the bipartisation of F G C™^™ (so C is 2m x 2m). Let Tl = {D^, . . . , Dt^-i]} be a sequence 
of N 2m X 2m diagonal matrices. We define EVALP(C,S)) as follows: The input is a triple {G,w,i), 
where G = (y,E) is an undirected graph, w £ V is a vertex, and i is an integer in [2m]; The output is 

Zc,'3{G,w,i) = ^ wtc,S)(6- 

^■.V^[2m],^{w)=i 

It is easy to see that EVAL(C,S)) < EVALP(C,S)). However, unlike problems EVALP(A) and EVAL(A) 
we can only prove the reverse direction when (C,S) satisfies the following condition: 

(Pinning) Every entry of F is a power of ujn, for some positive integer N; • F is a unitary 
matrix; and D^^l is the 2m x 2m identity matrix. 

Lemma 4.2 (Second Pinning Lemma). If {C,D) satisfies (Pinning), then EVALP(C,S)) = EVAL(C,2)). 

Corollary 4.1. If(C,D) satisfies (Pinning), then the problem of computing function Z^ ^ (or function 
^C's) polynomial time reducible to EVAL(C,2)). 

We define the following equivalence relation over [2m]: 

i ~ j if for any undirected graph G = (V,E) and w £ V, Zc^xi(G,w,i) = Zc^^(G,w, j). 
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Figure 1: Graph GW, p e [0 : k - 1]. 



This relation divides [2m] into s equivalence classes Ai,A2, ■ ■ ■ ,As, for some positive integer s. For any 
t ^ t' £ [s] there exists a PtM = {G,w), where G is an undirected graph and w is a vertex, such that 

Zc,x>{G,w,i) = Zc,j)(G', / Zc,D(G,w,i') = Zc,3(G, -u;, /), for all i,j G At and z',/ G A'- 

Now for any subset S C [s], we define EVAL(C, 5}, 5) as follows: The input is a pair {G,w), where 
G = (y, E) is an undirected graph and w is a vertex in G; The output is 

^c,d(G',u;,5) = ^ wtc,D(0- 

5:V--[2m],5(i«)eUes-4t 

Clearly, when 5 = [s], EVAL(C,S),5) is exactly EVAL(C,D). We prove the following claim: 

Claim 4.2. If S Q [s] and \S\ > 2, then there exists a partition {Si, . . . , Sk} of S for some k > 1, such 
that 

EVAL(C,D,5d) < EVAL(C,S),5), for all d e [k]. 

Lemma [4. 21 then follows from Claim HT2l Its proof is exactly the same as the one of Lemma [4. II using 
Claim l4m so we omit it here. 

Proof of Claim\4^ Let t ^ t' he two integers in S (as \S\ > 2, such t / t' exist). We let Pt^t' = {G*,w*), 
where G* = {V*,E*). It defines the following equivalence relation over S: For a,b £ S, 

a^* b if Zc,j)(G*,'w*,i) = Zc,j)(G*, it;*, j), where i £ Aa and j £ A- 

This gives us equivalence classes {Si, . . . ,Sk}, a partition of S. Since {G*,w*) = Pt,t'i t and t' belong 
to different classes and thus, k >2. For each d £ [k], we let Yd denote 

Yd = Zc,d(G*, tt;*, i), where i £ Aa and a £ Sd- 

The definition of the equivalence relation implies that Yd ^ Yd' for all d ^ d' £ [k]. 

Now let G be an undirected graph and tu be a vertex. We show that, by querying EVAL(C, 2), S) as 
an oracle, one can compute ZcsiGjW, Sd) efficiently for all d £ [k]. 

For every integer p £ [0 : k — 1], we build a graph = (yW,^^) as follows: G^ contains G and 
p independent copies of G*. The vertex w in G is then connected appropriately to the w* of each G* 
(see Figure [T]) . More precisely, we have as a disjoint union: 
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V 

= Fu([J^[i]|t;GF*}) U{xi,...,xp,yi,...,yp}, 



2=1 



where xi, . . . , Xp, yi, . . . ,yp are new vertices, and E'W contains precisely the following edges: 

1. If uv £ E, then uv G E^p^; If uv £ E* , then € -EI^I for ah i e [p]; 

2. One edge between {w*^^,Xi) and {yi,w) for each i G [p]; and 

3. — 1 edges between {xi,w) and for each i £ [p]. 

In particular, we have = G. 

We have the following collection of equations: For p £ [0 : k — 1], Zc,ti{G^^\w, S) is equal to 

ieUags^a \J=1 / j=l \a;e[2m] ye[2m] 

ii,...,ip£[2m] 



By condition (Pinning), J^^gpm] C'i^.xCj.x = (Fj^.,*, Fj^^,) is unless i = ij. Therefore, we have 
ZcMG^''\w,S) = m^P- ZcMG,w,i){ZcMG*,w*,i)Y = m'P ■ Y {Ydf ■ ZcMG,w, S,). 

ieUaeS-A-a de[k] 

Since ^ Y^' for all d ^ d! , this is a Vandermonde system, and we can solve it to get Zcj^iG^w, S^) 
for all d. As both k and the size of the graph G* are constants that are independent of G, this gives us 
a polynomial-time reduction from EVAL(C, 2), 5*^) to EVAL(C,S),S') for every d £ [k]. □ 

4.3 Reduction to Connected Matrices 

The following lemma allows us to focus on the connected components of A: 

Lemma 4.3. Let A £ C™^*" be a symmetric matrix with components Ai, A2, . . . , A^. Then 

- //EVAL(Ai) is ij^P -hard for some i£[s\, then EVAL(A) is i^P-hard; 

- 7/ EVAL(Aj) is polynomial-time computable for every i £ [s], then so is EVAL(A). 

Proof. Lemma 14.31 follows directly from the First Pinning Lemma (Lemma 14. ip . □ 

The main Dichotomy Theorem 1 1 . II will be proved by showing that for every connected A £ C™^™, 
the problem EVAL(A) is either solvable in polynomial-time, or ^^P-hard. 

5 Proof Outline of the Case: A is Bipartite 

We now give an overview of the proof of Theorem 11.11 for the case when A is connected and bipartite. 
The proof consists of two parts: a hardness part and a tractability part. The hardness part is further 
divided into three major steps in which we gradually "simplify" the problem being considered. In each 
of the three steps, we consider an EVAL problem passed down by the previous step (Step 1 starts with 
EVAL(A) itself) and show that 

- either the problem is #P-hard; or 
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- the matrix that defines the problem satisfies certain structural properties; or 



- the problem is polynomial-time equivalent to a new EVAL problem, and the matrix that 
defines the new problem satisfies certain structural properties. 

One can view the three steps as three filters which remove #P-hard EVAL(A) problems using different 
arguments. Finally in the tractability part, we show that all the EVAL problems that survive the three 
filters are indeed polynomial-time solvable. 



5.1 Step 1: Purification of Matrix A 

We start with EVAL(A), in which A G ^mxm jg symmetric, connected, and bipartite. It is easy to see 
that if m = 1, then EVAL(A) is tractable. So in the discussion below, we assume m > 1. 

In this step, we show that EVAL(A) is either #P-hard or polynomial-time equivalent to EVAL(A'), 
in which A' is also an m x m matrix but has a very nice structure. 

Definition 5.1. Let A G ([;;™x™ ^ symmetric, connected and bipartite matrix. We say it is a purified 
bipartite matrix if there exist positive rational numbers fj-i, . . . , o,nd an integer 1 < k < m such that 



for all i,j G [k]; Aij = for all i,j£ [A; -|- 1 : m]; and 



- Aij/{fiifij) = Aj^i/{fiifij) is a root of unity for all i G [k] and j [k + 1 : m]. 
In other words, there exists a k x [m — k) matrix B of the form 



B 



V 



^2 



\ /Cl,l Cl,2 
C2,l C2,2 



\Cfc,l Ck,2 



Cl,m— fc^ 
C2,m-k 



k+1 



ll'k+2 



\ 



where every > and every (^jj- is a root of unity, and A is the bipartisation of B. 

Theorem 5.1. Let A G C™^™' be a symmetric, connected and bipartite matrix, for some m > 1, then 
either EVAL(A) is f^P-hard or there exists an m x m purified bipartite matrix A' such that 

EVAL(A) = EVAL(A'). 

{By Definition \5.1l A' is symmetric and thus, EVAL(A') is well defined.) 



5.2 Step 2: Reduction to Discrete Unitary Matrix 

Now let A G C™^™ denote a purified bipartite matrix. We prove that EVAL(A) is either ^P-hard or 
polynomial-time equivalent to EVAL(C,S)) for some C and D, where the matrix C is the bipartisation 
of a discrete unitary matrix, which is to be defined in the next definition. 

Definition 5.2. Let F G C™"^™ be a (not necessarily symmetric) matrix with entries (Fij). We say F 
is an M-discrete unitary matrix, for some positive integer M , if it satisfies the following conditions: 

1. Every entry Fij of F is a root of unity, and M = Icmji/ie order of Fij :i,j G [?Tt]}; 

2. Fi^i = Fi^i = 1 for all i G [m]; and 

3. For all i j e [m], (Fi,*,Fj-*) = and {F^^i,F^j) = 0. 
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Some simplest examples of discrete unitary matrices are as follows: 



1 1 



/I 1 
1 1 

1 -1 



-1 



1\ 

-1 
-1 




/I 


1 


1 


1 


1 \ 


1 


c 








1 








c 


1 




c 






V 






c 





where rj = e^'^*/^ = is a third root of unity, and = e^'^'^^ = is a fifth root of unity. Note that 
the tensor product of any two discrete unitary matrices is also a discrete unitary matrix. 

Theorem 5.2. Let A G c^x™ q purified bipartite matrix. Then either 1). EVAL(A) is tractable; or 
2). EVAL(A) is #P-hard; or 3). there exists a triple ((M, iV), C, 2)) such that EVAL(A) = EVAL(C,D), 
and {{AI,N),C,D) satisfies the following conditions {Ui)-{U4^): 

iUi) M and N are positive integers that satisfy 2| and M\N . C G c2nx2n some n>l, and 

i:) = {dM,dW,...,d[^-i1} 

is a sequence of N 2n x 2n diagonal matrices over C; 

C is the bipartisation of an M-discrete unitary matrix F G C"^". {Note that matrices C and 
F uniquely determine each other); 



{U3) For all i G [2n], = 1. For all r £ [N - 1], we have 



3i G [n], Z)M ^ 
3i G [n + 1 : 2n], / 



3i' G [n], D,^:] = 1, 
3i' G [n + 1 : 2n], = 1; 



and 



{U4) For all r G [A^ - 1] and all i G [2n], G Q{u}n) and | G {0, 1}. 



5.3 Step 3: Canonical Form of C, F and D 

After the first two steps, the original problem EVAL(A) is shown to be either tractable; or ^P-hard; or 
polynomial-time equivalent to a new problem EVAL(C,S)). We also know there exist positive integers 
M and N such that {{M,N),C,Ti) satisfies conditions {Ui)-{Ui). 

For convenience, we still use 2m to denote the number of rows of C and D'^I, though it should be 
noted that this new m is indeed the n in Theorem 15.21 which is different from the m used in the first 
two steps. We also denote the upper-right m x m block of C by F. 

In this step, we adopt the following convention: Given an n x n matrix, we use [0 : n — 1], instead 
of [n], to index its rows and columns. For example, we index the rows of F using [0 : m — 1] and index 
the rows of C using [0 : 2m — 1]. 

We start with the special case when M = 1. Because F is M-discrete unitary, we must have m = 1. 
In this case, it is easy to check that EVAL(C,S)) is tractable: C is a 2 by 2 matrix 




Zc,j)(G') is unless G is bipartite; For connected and bipartite G, there are at most two assignments 
^ : y ^ {0, 1} which could yield non-zero values; Finally, for graph G with connected components Gi, 
^c,d{G) is the product of Zc,s(Gj)'s. 
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For the general case when parameter M > 1, we further study the structures of matrix F and the 
diagonal matrices in D, and derive several necessary conditions on them for the problem EVAL(C,S)) 
to be not ^P-hard. In the tractability part, we prove that these conditions are actually sufficient for it 
being polynomial-time computable. 

5.3.1 Step 3.1: Entries of are either or Pov^ers of ujn 

Suppose {{M, N),C,D) satisfies conditions {Ui)-{U4) and M > 1. In the first step, we show that either 
EVAL(C,S)) is T^P-hard or every entry of DM (in S), r G [iV — 1], is either or a power of ujn- 

Theorem 5.3. Suppose {{M, N),C,D) satisfies (JAij-iJAi) and integer M > 1, then either the problem 
EVAL(C,2)) is #P-hard or {{M,N),C,D) satisfies the following additional condition iU^): 

{U^) For all r ^[N — 1] and i G [0 : 2m — 1], D^^^ is either or a power of lon. 



5.3.2 Step 3.2: Fourier Decomposition 



Second, we show that either problem EVAL(C, D) is #P-hard or we can permute the rows and columns 
of F, so that the new F is the tensor product of a collection of Fourier matrices, to be defined in the 
next definition. 

Definition 5.3. Let q > 1 be a prime power, and k >1 be an integer such that gcd{k,q) = 1. We call 
the following q x q matrix ^q,k ((7, A;) -Fourier matrix.- The {x,yY^ entry, where x,y £ [0 : q — 1], is 



kxy 



2m kx 



y/q) 



In particular, when k = 1, we use !Fq to denote J" for short. 

Theorem 5.4. Suppose ((M, A^), C, 2)) satisfies conditions {lAi)-{U^), and integer M > 1. Then either 
EVAL(C,2)) is ^P-hard or there exist 

1. two permutations S and H from [0 : m — 1] to [0 : m — 1]; and 

2. a sequence qi, q2, ■ ■ ■ , qd of d prime powers, for some d > 1, 
such that 



(4) 



ie[d] 



Suppose there do exist permutations E, 11 and prime powers qi, . . . ,qd such that Fs,n satisfies (jU, 
then we let Cs,n denote the bipartisation of Fs^n and 2)s,n denote a sequence of N 2m x 2m diagonal 
matrices in which the r^^ matrix is 



' -^E(O) 



D 



r] 

S(m-l) 



D 



n(o)+m 



D 



r] 

n(r?i— l)+m 



r e[0:N-l]. 



19 



It is clear that permuting the rows and columns of matrices C and every Dt^'l by the same permutation 
pair (S,n) does not affect the complexity of EVAL(C,2)), so EVAL(Cs,n, 2)s,n) = EVAL(C,D). From 
now on, we let F, C and D denote F^^nj Cs,n and S)s^n, respectively. By (jl]), the new F satisfies 

F=(g)^g,. (5) 

iG[d] 

Before moving forward, we rearrange the prime powers qi,q2, ■ ■ ■ ,qd and divide them into groups 
according to different primes. We need the following notation. 

Let p = {pi, . . . ,ps) be a sequence of primes such that pi < p2 < ■ ■ ■ < Ps and t = (ti, . . . , t^) be a 
sequence of positive integers. Let Q = {q^ \ i G [s]} be a collection of s sequences in which each qj is a 
sequence . . . , qi^tj of powers of pi such that qi^i > . . . > qi^ti- We let qi denote qi^i for all i £ [s], 

^q, = n = ^-J^.i ^ • • • ^ fo"^ all ie[s], 

ie[ti] 

and 

^ n ^1^. ^ n ^ X • • • X X 

iGHjeM ieW ^^^^^ X ••• X Zg^,^ x 

^9^,1 X • • • X ^(?s,ts 

be the Cartesian products of the respective finite Abelian groups. Both Zq and Zq. are finite Abelian 
groups, under component- wise operations. This implies that both Zg and Zq, are Z-modules and thus 
fex is well defined for all /c G Z and x in Zq or Zq. . As Z-modules, we can also refer to their members 
as "vectors". When we use x to denote a vector in Zq, we denote its {i,jY^ entry by Xij G "^qij- We 
also use Xj to denote {xij : j £ [ti]) G Zq^, so x = (xi, . . . ,Xs). Given x,y G Zg, we let x it y denote 
the vector in Zq whose (i, j)*'^ entry is Xjj it i/ij (mod qij)- Similarly, for each i G [s], we can define 
X lb y for vectors x, y G Zq^. 

By dS]), there exist p, t, Q such that ((Af, N),C,D, {p,t, Q)) satisfies the following condition (7^): 

(T^i) p = (pi, . . . ,ps) is a sequence of primes such that pi <■•■< ps] t = (ti, ... ,ts) is a, sequence of 
positive integers; Q = {q^ | i G [s]} is a collection of s sequences, in which every qj is a sequence 
iQi,i, ■ ■■ , Qi,u) of powers of pi such that qi^i > ■ ■■ > qi^t,; 

(7^2) C G C2"^x2"^ is the bipartisation of F G C"^"', and ((M, TV), C, 2)) satisfies {Ui)-{U^)] 

iJZ^) There is a bijection p from [0 : m — 1] to Zq (so m = Hiels] je[ti] such that 

Fa,b = n ' for all a, 6 G [0 : m - 1] , (6) 

where (xjj : i G [s],J G [U]) = x = p(a) and (yjj : i G G [tj]) = y = /o(^)- Note that ([6]) above 
also gives us an expression of M using Q. It is the product of the largest prime powers qi = qi^i 
for each distinct prime pf. M = Hiefs] 1i- 

For convenience, we will from now on directly use x G Zq to index the rows and columns of F: 

i^x,y = i^p-i(x),p-i(y) = n ^Q^f'''^ foranx,yGZQ, (7) 

iels],je[ti\ 
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whenever we have a tuple {{M, N), C,D, (p, t, Q)) which is known to satisfy condition (TZ). We assume 
that F is indexed by (x,y) S Zg x Zg rather than {a,b) S [0 : m — 1] x [0 : m — 1], and (TZ^) refers to 
([7]). Correspondingly, to index the entries of matrices C and D^, we use {0, 1} x Zq: (0,x) refers to 
the p~^(x)*^ row (or column), and (l,x) refers to the (m + p~^(x))*'^ row (or column). 

5.3.3 Step 3.3: Affine Support for D 

Now we have a 4-tuple {{M, N),C,T), (p,t, Q)) that satisfies condition (TZ). In this step, we prove for 
every r £ [A^ — 1] (recall that D^'^l is already known to be the identity matrix), the nonzero entries of 
the r^^ matrix DW in D must have a very nice coset structure, otherwise EVAL(C,S) is #P-hard. 
For every r S [A^ — 1], we define C Zg and A^. C Zg as 

A, = {x G Zg I Z)M^) / 0} and A, = {x G Zg | / O}. 

We let S denote the set of r G [A^ — 1] such that Ar ^ 9 and T denote the set of r G [A^ — 1] such that 
Ar 7^ 0. We recall the following standard definition of a coset of a group, specialized to our situation. 

Definition 5.4. Let ^ be a nonempty subset o/T^q {or Zq. for some i G [s]). We say ^ is a coset in 
Zg (or Zq.) if there exists a vector xq G <I> such that {x — xq | x G is a subgroup of I^q {or Zq.). 

Given a coset $ {in Zg or Zq.), we let <I>^™ denote its corresponding subgroup {x — x' | x, x' G 
Being a subgroup, clearly <I>^™ = {x — x' | x, x' G = {x — xq | x G for any xq G <5. 

Theorem 5.5. Let {{M,N),C,D, (p,t, Q)) be a A-tuple that satisfies {TZ). Then either EVAL(C,S)) is 

#P-hard or sets C Zg and A^ ^ Zg satisfy the following condition {C): 

{Cij For every r £ S, Ar = 11^=1 ^r,i, where for every i G [s], A^-^i is a coset in Zq.; and 
(£2) For every r G T, A^ = ni=i ^r,j, where for every i £ [s], A^^j is a coset in Zq^. 

Suppose EVAL(C,2)) is not #P-hard, then by Theorem[531 tuple ((M, A^), C, D, (p, t, Q)) satisfies 
not only condition {TZ) but also condition {C). Actually, by condition (Z^s), 2) satisfies the following 
additional property: 

(£3) For every r G 5, 3 g A^ such that Z^jg = 1; for every r G T, 3 g A,., = 1. 

From now on, when we say condition (£), we mean all three conditions (£i)-(£3). 

5.3.4 Step 3.4: Quadratic Structure 

In this final step within Step 3, we prove that, for every r G [A^ — 1], the nonzero entries of must 
have a quadratic structure, otherwise EVAL(C,2)) is ^^P-hard. 

Given a vector x in Zq. for some i £ [s], we use extr(x), where r G 5, to denote the vector x' G Zg 
such that in the expression x' = (x'^^, . . . ,x'^) G Zg = HiGls] ^q*' component x^ = x, the vector 

given in Zq^, and 

Xj = a^**^, for all j i. 

Recall that af'"' is a vector we picked from A^ in condition (£3). Similarly we let ext^(x), where r G T, 
denote the vector x' G Zg such that x'^ = x and 

Ji-'j = b^j\ for all j i. 
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Let a be a vector in Zq. for some i G [s], then we use a to denote the vector b € such that bj = a 
and hj = for all other j ^ i. Also recall that we use g^, where k G [s], to denote q^^i. 

Theorem 5.6. Let {{M, N),C,D, (p,t, Q)) be a tuple that satisfies both (TZ) and (C) {including {Cs)), 
then either EVAL(C,S)) is #P-hard or T) satisfies the following condition (V): 

(Pi) For every r E S, we have 

nW _r)W nW ...nM forally^Gk fS) 

-^(0,x) - '^(0,ext,(xi))^(0,ext,(x2)) -^(0,exW(x,)) ' JOf ail X. i:z IVr . {O) 

(X'2) For every r eT, we have 

,,L>|';1 ./r for all :xi€Ar. (9) 

(l,x) (l,ext;(xi)) (l,ext;(x2)) (l,ext;(xs)) ' •' ^ ^ 

(Ps) For all r E S, k E [s] and a G Aj,™ C Zq^^., there exist b G Zq^. and a E T^n such that 

^^•^x,b = <x+5)-<^. for all ^eK; (10) 
(P4) For all r G T, k E [s] and a G A|.™ C Zq^,, there exist b G Zq^, and a G Zjv suc/i i/iai 



• ^b,x = ^(i!x+S) • ^(ilx) ' for all X G A,; (11) 

Note that in (P3) and (P4), the expressions on the left-hand-side do not depend on all other components 
ofyi except the k^'^ component x^, because all other components o/b are 0. 

The statements in conditions {'Ds)-{'D4) are a technically precise way to express the idea that there 
is a quadratic structure on the support of each matrix Dt''!. We express it in terms of an exponential 
difference equation. 

5.4 Tractability 

Theorem 5.7. Let {{M, N),C,D, {p,t, Q)) be a A-tuple that satisfies all three conditions {TZ),{£,) and 
(V), then problem EVAL(C,S)) can be solved in polynomial time. 

6 Proof Outline of the Case: A is not Bipartite 

The definitions and theorems of the case when matrix A is not bipartite are similar to, but also have 
significant differences with, those of the bipartite case. We will list these theorems. 

6.1 Step 1: Purification of Matrix A 

We start with EVAL(A), in which A G (^"^x™ jg symmetric, connected and non-bipartite. It is easy to 
see that if m = 1, then EVAL(A) is tractable. So in the discussion below, we assume m > 1. 

Definition 6.1. Let A G C™^™ be a symmetric, connected, and non-bipartite matrix. We say A is a 
purified non-bipartite matrix if there exist positive rational numbers /xi, . . . , fj,m such that Aij/ (fJ-ifJ-j) is 
a root of unity for all i,j G [m]. 
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In other words, A has the form 
where = Cj,i roots of unity. We prove the fohowing theorem: 

Theorem 6.1. Let A G ([^mxm ^ symmetric, connected, and non-bipartite matrix, for some m > 1. 
Then either EVAL(A) is ^P-hard or there exists a purified non-bipartite matrix A' S ([;;™x"i such that 

EVAL(A) = EVAL(A'). 

6.2 Step 2: Reduction to Discrete Unitary Matrix 

In this step, we prove the fohowing theorem: 

Theorem 6.2. Let A € C™^™ be a purified non-bipartite matrix. Then either 1). EVAL(A) is tractable; 
or 2). EVAL(A) is #P-hard; or 3). there exists a triple ((M, A^), F, S) such that 

EVAL(A) = EVAL(F,D) 

and {{M, N),F,D) satisfies the following conditions {U[)-{U'^): 

(U'l) M and N are positive integers that satisfy 2\N and M\N. F is an n x n complex matrix for 
some n >l, and D = {DM , . . . , DI^-i] } is a sequence of N n X n diagonal matrices; 

{JA'2) F is a symmetric M -discrete unitary matrix; 

{U'r^) For all i £ [n], of^ = 1. For all r £ [N - 1], we have DM / =^ 3i G [n], L>f' = 1; 
(W^) For all r £[N -1] and all i G [n], G Q(u;Ar) and |L>f^| G {0, 1}. 

6.3 Step 3: Canonical Form of F and D 

Now suppose we have a tuple {{M, N),F,D) that satisfies {U[)-{W^). For convenience we stih use m to 
denote the number of rows and columns of F and each D^'^l in 2), though it should be noted that this 
new m is indeed the n in Theorem 16.21 which is different from the m used in the first two steps. 

As in the bipartite case, we adopt the following convention in this section: Given any nxn matrix, 
we use [0 : n — 1], instead of [n], to index its rows and columns. 

We start with the special case when M = 1. Since F is M-discrete unitary, we must have m = 1 
and F = (1). In this case, the problem EVAL(C,S!)) is clearly tractable. So in the rest of this section, 
we always assume M > 1. 

6.3.1 Step 3.1: Entries of are either or Povi^ers of ujn 

Theorem 6.3. Suppose ((M, TV), F, 2)) satisfies {U[)-{U'^) and integer M > 1. Then either EVAL(F, D) 
is #P-hard or {{A-I, N),F ,D) satisfies the following additional condition (W^)-' 

{U'^) For all r G [A^ — 1] and i £ [0 : m — 1], d\'^ is either zero or a power of lu^- 



\ / Cl,l Cl,2 • • • Cl,m \ 
(2,1 (2,2 ■ ■ ■ C2,rr 



l^mj \Cm,l Cm,2 



Cm,m / 
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6.3.2 Step 3.2: Fourier Decomposition 

Let g be a prime power. We say W is a non- degenerate matrix in Z^^^ if Wx 7^ for all x 7^ G Z^. 
The following lemma gives some equivalent characterizations of W being non-degenerate. The proof is 
elementary, so we omit it here. 

Lemma 6.1. Let q be a prime power and W G Z^^^^. Then the following statements are equivalent: 
1. W is non-degenerate; 

^. X I— Wx is a bijection from Z^ to Z^; and 
3. det(W) is invertible in Zq. 

Definition 6.2 (Generalized Fourier Matrix). Let q be a prime power and W = (Wij) be a symmetric 
non- degenerate matrix in Z^^^. J^q^w is called a (q', W)-generalized Fourier matrix, if it is a q"^ x q^ 
matrix and there is a one-to-one correspondence p from [0 : — 1] to [0 : g — 1]^, such that 

{:Fq,w)i,j = "^ifi+^i2a;i2'2+W2ia;2j/i+W22a:2y2^ j^^ -j ^ [q : g^ - 1], 

where x = (a;i, X2) = p{i) and y = (^1,^2) = p{j)- 

Theorem 6.4. Suppose {{M,N),F,T)) satisfies {U[)-{U'r^), then either EVAL(F,D) is #P-hard or there 
exist a permutation S from [0 : m — 1] to [0 : m — 1] and 

1. two sequences d = (di, . . . , dg) and W = (Wt^l, . . . , W'^l), for some non-negative g {Note that the 
g here could be 0, in which case both d and W are empty): For every i & [g], di > 1 is a power of 
2, and is a 2 X 2 symmetric non-degenerate matrix over Z,^.; and 

2. two sequences q = {qi, ■ ■ ■ ,qe) and k = (fci, . . . , A;^) {Again i could be 0, in which case both q and 
k are empty), in which for every i G [£], qi is a prime power, ki G Z^., and gcd(gi, ki) = 1, 

such that 

Fe,e = 

Suppose there does exist a permutation S (together with d, W, q, and k) such that Fs,e satisfies 
the equation above (otherwise, EVAL(F,D) is #P-hard). Then we apply S to DM, r G [0 : iV - 1], to 
get a new sequence D-e of N diagonal matrices in which the r*'* matrix is 

\ -^E(m-l)/ 

It is clear that permuting the rows and columns of F and D^'"! in D by the same permutation S does 
not affect the complexity of EVAL(F,D), so EVAL(Fs,e, 2)s) = EVAL(F,2)). From now on, we simply 
let F and 2? denote Fs,s and respectively. Thus we have 

F = f(^^d,.wwl 1 • (12) 
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Before moving forward to Step 3.3, we rearrange the prime powers in d and q and divide them into 
groups according to different primes. 

By ([12]), there exist d, W, p, t, Q and KL such that tuple ((M, iV), F, S), (d, W, p, t, Q, /C)) satisfies 
the following condition {TZ'): 

(TZ'i) d = {di, . . . , dg) is a sequence of powers of 2 for some non-negative integer (7, such that if g > 0, 
then di > . . . > dg] W = (W'-'^l, . . . , W'^l) is a sequence of matrices. Every wW is a symmetric 
non-degenerate 2x2 matrix over Z^, (Note that d and W could be empty); 

p = (pi, . . . is a sequence of s primes, for some s > 1, such that 2 = pi < . . . < ps] t = (ti, 
■ . . ,ts) is a sequence of integers: ti > and ti> 1 for all i > 1; Q = {q^ | i G [s]} is a collection 
of sequences in which q^ = . . . , is a sequence of powers of pi such that qi^i > . . . > qi^ti 
(Only qi could be empty. We always fix pi to be 2 even when no powers of 2 occur in Q); 

K, = {kj I i G [s]} is a collection of s sequences in which each kj = (/cj^i, . . . , ki^n) is a sequence of 
length ti. For all i G [s] and j G [tj], hj G [0 : - 1] and gcd(A;jj, gjj) = gc(l{kij,pi) = 1; 

(7^2) ((M,iV),F,S)) satisfies condition {1([)-{U'^), and 

i&lg] i&[s],je[ti] 

(7^.3) There is a one-to-one correspondence p from [0 : m — 1] to x Zg, where 

such that (For every a G [0 : m — 1], we use 

{xo,i,j ■.ie[g],je {1, 2}) G and {xi^ij : i G [s], j G [ti]) G Zq 

to denote the components of x = p{a) G Z^ x Zq, where xo,ij' G Z^^ and xi^jj G Z^. 

^a-f- = n ^i?"' ""'^■'^■"^'"■^'"■''^ '"■^■'^^ n 4;:f"'""''"^ for ah a, & G [0 : m - 1], 

where ((xo,i,j), (a^i.jj)) = x = /9(a) and ((yo,j,j), = y = p(^)- 

For convenience, we will from now on directly use x G Z^ x Zg to index the rows and columns of F: 

i'x.y = J'p-i(x),p-i(y) - 11 ^^d, 11 ' foranx,y, (13) 

i&lg] i<^ls],je[ti] 

whenever we have a tuple ((M, A^), F, 2), (d, W, p, t, Q, /C)) that is known to satisfy condition {TZ'). We 
assume the matrix F is indexed by (x, y) rather than (a, 6) G [0 : m — 1]^, and {TZ'^) refers to ()13p . 

6.3.3 Step 3.3: AfRne Support for D 

Now we have a tuple ((M, N),F,'S, (d, W, p, t, Q, /C)) that satisfies condition {TZ'). In the next step we 
show for every r G [A^ — 1] (for r = 0, we already know is the identity matrix), the non-zero entries 
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of the r^^ diagonal matrix (in D) must have a very nice coset structure, otherwise EVAL(F,Sl) is 
#P-hard. 

For every r G [A^ — 1], we use ^ x Zg to denote the set of x such that D^'^ ^ 0. We also use 
Z to denote the set of r G [A^ — 1] such that Tr ^ 0. 

For convenience, we let Zq., i £ [s], denote the following set (or group, more exactly): When i > 1, 
Zq- = Zq.; and when i = 1, Zq^ = Z^ x Zq^. This gives us a new way to denote the components of 

X G Z^ X Zq = Zq.: X = (xi, ...,Xs), where Xj G Zq.. 

Theorem 6.5. Let {{M, N),F,D, (d,yV, p,t, Q, /C)) be a tuple that satisfies condition {IZ'), then either 
EVAL(F,5)) is #P-hard; or D satisfies the following condition (C'l): For every r £ Z, 

{C'l) Tr = ni=i '^T,i, where Tr^i is a coset in Zq,., for all i £ [s]. 

Suppose EVAL(F,2)) is not #P-hard, then by Theorem ESI tuple ((M, A^), F, 3, (d, W, p, t, Q, /C)) 
satisfies not only {TZ') but also (C'l). By condition (U^), T) satisfies the following additional property: 

(£'2) For every r £ Z, there exists an a'^' G F^ C Z^ x Zq = Ylie[s] such that D^^l] = 1- 
From now on, when we say condition (C), we mean both conditions (C'l) and (£2)- 



6.3.4 Step 3.4: Quadratic Structure 

In this final step within Step 3 for the non-bipartite case, we show that, for any index r £ [A^ — 1], the 
non-zero entries of DW must have a quadratic structure, otherwise EVAL(F,S)) is #P-hard. 

We need the following notation: Given x in Zq. for some i £ [s], we let extr(x), where r £ Z, denote 
the vector x' G Z^ x Zq such that in the expression x' = (x'^^, . . . ,x^) G IljeH qj ' component 
x'- = X, the vector given in Zq. , and 

x'j = a}j\ for all j ^ i. 

Recall that is a vector we picked from F^ in condition {€'2). 

Let a be a vector in Zq^ for some i £ [s]. Then we use a to denote the vector b G Hjels] ^qj such 
that bj = a and hj = for all other j ^ i. 

Theorem 6.6. Suppose ((M, A^),F,D, (d,yV,p,t, Q,/C)) satisfies conditions {TZ') and (£). Then either 
EVAL(F,2)) is #P-hard or D satisfies the following condition (T)'): 

{V'^) For every r £ Z, we have 

Z?M=Z5H nH /ora//xGF,. (14) 

extr(xi) extr(X2) extr(Xs)' ' ^ ' 

(P2) Por all r £ Z, k £ [s] and a G FJ,™ C Zq^,, there exist b G Zq^ and a G Zjv such that 



• X = • ' ^ e F,; (15) 



Note that in (^'2)' expressions on the left-hand-side do not depend on all other components of 

qfe! 



X except the k^^ component x^ G Zq , because all other components of b are 0. 
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6.4 Tractability 

Theorem 6.7. Let ((Af, A^), F, 2), (d, W, p, t, Q, /C)) be a tuple that satisfies conditions {TZ'), {C), and 
iT>'), then EVAL(F,S)) can he solved in polynomial time. 



7 Proofs of Theorem 15.11 and Theorem 16.11 

In this section, we prove Theorem 15.11 and Theorem 16. 1[ 

Let A = {Ai^j) denote a connected and symmetric m x m matrix (at this moment, we do not make 
any assumption on whether A is bipartite or not. A could be either bipartite or non-bipartite). In the 
first step, we construct a new m x m matrix B from A, which satisfies the fohowing conditions: 

1. B is also a connected and symmetric m x m matrix (so EVAL(B) is well-defined); 

2. EVAL(B) = EVAL(A); 

3. Every entry of B can be expressed as the product of a non-negative integer and a root of unity. 
We let B' be the non-negative matrix such that B'^ j = \Bij\. Then in the second step, we show that, 

EVAL(B') < EVAL(B). 

Since B' is a connected, symmetric and non-negative matrix, we can apply the dichotomy theorem of 
Bulatov and Grohe [2] to B' and show that either EVAL(B') is #P-hard or B is a (either bipartite or 
non-bipartite, depending on A) purified matrix. When EVAL(B') is ^^P-hard, we have 

EVAL(B') < EVAL(B) = EVAL(A), 

which implies that EVAL(A) is also #P-hard. This proves both Theorem 15.11 and Theorem 16.11 



7.1 Equivalence between EVAL(A) and COUNT(A) 

We start with the definition of a class of counting problems COUNT(-), which is very closely related to 
problems EVAL(A). It has been used in previous work [10] for establishing polynomial-time reductions 
between different EVAL(-) problems. 

Let A G <[^rnxm [igjiote a symmetric matrix. Then the input of problem COUNT(A) is a pair (G, x), 
where G = {V, E) is an undirected graph, and x is a complex number. The output is 

#a{G,x) = {assignment : V ^ [m] | wtA('?) = 2;} , 

a non-negative integer. The following lemma shows that EVAL(A) = COUNT(A). 

Lemma 7.1. Let A G C^-x™ be a symmetric matrix, then EVAL(A) = COUNT(A). 

Proof. To prove EVAL(A) < COUNT(A), recall that the matrix A is considered fixed. Let G = (y,E) 
and n = \E\. We use X to denote the following set of complex numbers: 

X = I Yl integers hj > and kij = n \ . (16) 

l,«,ie[m] «jeM J 

It is easy to see that \X\ is polynomial in n, being counting multiplicity, (we note that m is 

a constant here), and the elements in X can be enumerated in polynomial time (in n). It then follows 
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from the expression in the definition of wtA(0 that for any a; ^ X, H^a.{G,x) = 0. This gives us the 
following relation: 

^a(G) = ^x-#a(G,x), for any undirected graph G, 

and thus, EVAL(A) < COUNT(A). 

For the other direction, we construct, for any p G (Recall that \X\ is polynomial in n), a new 
undirected graph G^^ from G by replacing every edge uv of G with p parallel edges between u and v. 
It is easy to check that for any assignment ^, if its weight over G is x, then its weight over G^^ must be 
x^. This gives us the following collection of equations: For every p G [|X|], 

ZA(G[fl) = ^x^'-#A(G',a;), for any undirected graph G. 

xex 

Note that this is a Vandermonde system. Since we can query EVAL(A) for the values of Za(G^'), we 
can solve it and get #a(^5 ^) every non-zero x ^ X. To obtain #j!^{G, 0) (if e X), we note that 

5;#A(G,x) = ml^l. 
xex 

This gives us a polynomial-time reduction and thus, COUNT(A) < EVAL(A). □ 
7.2 Step 1.1 

We now show how to build the desired B from A. We need the following notion of a generating set. 

Definition 7.1. Let si = {aj}je[n] be a set of n non-zero complex numbers, for some n > 1. Then we 
say {gi}i^[d], for some integer d>Q, is a generating set of s/ if 

1. Every gi is a non-zero complex number; 

2. For all (fci, . . . , kd) G TJ^ such that {ki, . . . , k^) ^ 0, we have 

• • • g^''' is not a root of unity. 

3. For every a G there exists a unique (fci, . . . , kd) G Z"* such that 

—r r- is a root of unity. 

Clearly d = iff the set s/ consists of roots of unity only. The next lemma shows that every has 
a generating set. 

Lemma 7.2. Let si = be a set of non-zero complex numbers, then it has a generating set. 

Proof. We construct a generating set for s/, which consists of two parts: = ^W^. 

First, let aj = log2 \aj\, for every j G [n]. We let {oji, • • • for some s > 0, denote a maximal 

linearly independent subset of {c(j}j^[n] over Q. By definition, for any j G [n], there exist rj^i, . . . ,rj^s 
in Q such that ^ 
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For each i £ [s], we use A^^ to denote the smahest positive integer such that N£ ■ rj^i is an integer for all 
j G [n]. Then we define ^ as {61, ... , 6 J where bi = 2"^/^^ for all i £ [s]. 

Second, we let Pj, for every j £ [n], denote the unique real number in [0, 1) such that 

^ = e^-/^^ (where = -1). 
\aj\ 

Consider the set {Pi, . . . 1}. Extend, from the set {1} consisting of a single non-zero value 1, to a 
maximal linearly independent subset , . . . , , 1} of . ..,/?„,, 1} over Q. Here t > 0. It implies 
that for every j £ [n], there exist rational numbers r'j^^, . . . , r'j ^, r'j ^^i £ Q, such that 

t 

=Z]^^/•^i;+4m■ 
Similarly, for each ^ £ [t], we let denote the smallest positive integer such that ■ r'- ^ is an integer 
for all j £ [n]. Then we define ^ as {ci, ... ,ct} where 

= e'""^^■^/*'^ foralUE[t]. 

It is easy to check that 5^ = is a generating set of Briefly: (1) Being exponentials, clearly 

every member in ^ is non-zero. (2) If 

i=\ £=1 

is equal to some root of unity uj, then by taking norm, we get Y[e=i ^e^ ~ 1- linear independence of 
{o:ji}e^[s] we get all ki = 0. On the other hand, Yte=i = uj gives all A;^ = by linear independence of 
, . . . 1}. (3) To express any Uj £ as an integral power from together with a root of unity, 
first we express ajl\aj\ as such from together with a root of unity, and then express \aj\ as an integral 
power from The uniqueness of the expression follows from (2). □ 

Now we use to denote the set of all non-zero entries in the matrix A. By Lemma 17.2^ we 
know that it has a generating set 'S = {gi, . . . , g^}. 

The matrix B = {Bij) £ C™'^'" is constructed as follows. Let Pi < ■ ■ ■ < Pd denote the d smallest 
primes. For every i,j £ [m], we define Bij. If Aij = 0, then Bij = 0. Suppose Aij ^ 0, since ^ is a 
generating set, we know there exists a unique (/ci, . . . , kd) £ such that 

is a root of unity. 



9\'---9'd 



Then we set B^^j to be 



^1,3 - Pi Pd fci fcd • 
9i---9d 

So what we did in constructing B is just replacing each gi in 5^ with a prime pi. Bij is well-defined 
by the uniqueness of {ki, . . . , kd) £ and conversely by taking the prime factorization of \Bij\ we can 
recover {ki, . . . , kd) uniquely, and then recover Aij by 

= 9i^ ■■■ aT • 

Vi ■■■Vd 

The next lemma shows that such a replacement does not affect the complexity of EVAL(A). 
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Lemma 7.3. Let A G {[^rnxm ^ symmetric and connected matrix, and B G £^rnxm matrix we 

built above, then EVAL(A) = EVAL(B). 

Proof. By Lemma l7.ll it suffices to prove that COUNT(A) = COUNT(B). Here we only prove one of 
the two directions: COUNT(A) < COUNT(B). The other direction can be proved similarly. 

Let (G, x) be an input of COUNT(A), where G = {V, E) and n = \E\. We use X to denote the set 
of complex numbers defined earlier in (116p . Recall that \X\ is polynomial in n (since m is a constant), 
and can be enumerated in polynomial time. Furthermore, ii x ^ X, then ^a(G, x) must be zero. 

Now suppose X G X, then we can find a particular sequence of non-negative integers {k* j}ij^[m] in 
polynomial time, such that "^ij k* ■ = n and 

x= n 4^- (17) 

This sequence is in general not unique for the given x. Using we define y by 

y= n (18) 

It is clear that x = iff y = 0. This happens precisely when some A:*^ > for some entry Aij = 0. 
The reduction COUNT(A) < COUNT(B) then follows from the following claim 

#a(G,x) = #B(G,y). (19) 

To prove this claim, we only need to show that, for any assignment ^ : y — > [m], 

wtA(0 = X wtB(0 = y- 

We only prove wtA(C) = x ^ ^^"bH) = y here. The other direction can be proved similarly. 

Let E, '■ V ^ [m] denote any assignment. For every i, j G [m], we use /cjj to denote the number of 
edges uv G E such that {^{u),^{v)) = or (j, «), then for both A and B, 

wtA(6= n 4" wtB(6= n (20) 

i,j&[m] i,j&[m] 

For X = 0, we note that the weight wtA(0 is iff for some zero entry Ai^ = we have kij > 0. By 
the construction of B, Aij = iff Bij = 0, so wtB(C) must also be 0. 

In the following we assume both x,y ^ 0, and we only consider assignments ^ : ^ — > [m] such that 
its kij = for any Aij = (equivalently kij = for any Bij = 0). Thus we may consider the products 
in (|20p are over non-zero entries Aij and Bij, respectively. 

Now we use the generating set = {gi, . . . ,gd} chosen above for the set of all non-zero entries 
Aij in the matrix A. There are integer exponents ^2,(ij)i ■ ■ ■ ■> ^d,{ij)i such that 

d d 

Aij = JJs'^'^'''^' • and Bij = JJp^*'*'^' • uJij, for all i,j such that Aij ^ 0, 

where is a root of unity. The expression of B^^j follows from the construction. By (llTh and (j20p . 

d k }.* 

wtA(C) = ^ =^ Y^di ''^ ''^ ''^ is a root of unity. 

e=i 
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Here the sum Yli j ™ exponent is over all i,j S [m] where the corresponding Aij is non-zero. This 
last equation is equivalent to (since is a generating set) 

Y.^ki,j - k*j) ■ e,,(,,) = 0, for all ££[<!], (21) 

which in turn implies that 

U(^'.,)''-' = Ui^ijf'^ ■ (22) 

id i,j 

It then follows from ([IHD, (l20|), and ([22]) that wtB(0 = V- □ 
7.3 Step 1.2 

Now we let B' denote the m x m matrix such that B'- ^ = \Bij\ for all [m]. We have (note that 

Lemma 17.41 holds for any symmetric matrix B and B', as long as B'- ^ = \Bij\ for all 

Lemma 7.4. EVAL(B') < EVAL(B). 

Proof. By Lemma EH we only need to show that COUNT(B') < COUNT(B). 

Let {G,x) be an input of COUNT(B'). Since B' is non-negative, we have ^B'iG,x) = if x is not 
real or x < 0. Now suppose x > 0, G = {V, E) and n = \E\. We let Y denote the following set 



Y 




integers kij > and kij = n 



Again, we know \Y\ is polynomial in n and can be enumerated in polynomial time in n. Once we have 
y, we remove all elements in Y whose complex norm is not equal to x. We call the subset left Y^. 
The lemma then follows directly from the following statement: 

#B'(G',x)= J;#b(G,2/). 

This is because for every assignment ^ : y — > [m], wtB'(0 = x and only if |wtB(C)l — x- This gives 
us a polynomial reduction since Yx '^Y, \Yx\ is polynomially bounded in n, and Yx can be enumerated 
in polynomial time. □ 

Finally we prove Theorem 15.11 and Theorem 16.11 

Proof of Theorem \5.1\ Let A G ([;;mxm ^ symmetric, connected and bipartite matrix. We construct 
matrices B and B' as above. Since we assumed A to be connected and bipartite, both matrices B and 
B' are connected and bipartite. Therefore, we know there is a permutation 11 from [m] to itself such 
that Bn,n is the bipartisation of a /c x (m — k) matrix F, for some 1 <k < m: 

Bn,n-(^pT 

and B^ is the bipartisation of F', where F!^ ■ = \Fij\ for all i £ [k] and j € [m — k]. Since permuting 
the rows and columns of B does not affect the complexity of EVAL(B), we have 

EVAL(Bnn) < EVAL(Bn,n) = EVAL(B) = EVAL(A). (23) 
We also know that B^ jj is non-negative. By Bulatov and Grohe's theorem, we have the following cases: 
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- First, if EVAL(B'n^n) is #P-hard, then by ([23]), EVAL(A) is also #P-hard. 

- Second, if EVAL(B^ jj) is not ^^P-hard then the rank of F' must be 1 (it cannot be since B^ jj 
is assumed to be connected and bipartite). Therefore, there exist non-negative rational numbers 
fii, . . . , iJ^k, • • • , /Um such that F/^- = fiifij^^^ for all i £ [k] and j G [m — k]. Moreover, /ij, for all 
i £ [m], cannot be since otherwise B^ yi is not connected. 

As every entry of Bn,n is the product of the corresponding entry of B^ jj ^i^d some root of unity, 
Bn,n is a purified bipartite matrix. The theorem is proven since EVAL(B) = EVAL(A). □ 

Proof of Theorem \6.1[ The proof is similar. 

Let A G £rnxm ■\^^ ^ symmetric, connected and non-bipartite matrix. We construct B and B' as 
above. Since A is connected and non-bipartite, both B and B' are connected and non-bipartite. Also, 
B' is non-negative. We consider the following two cases. If B' is #P-hard, then EVAL(B') < EVAL(B) 
= EVAL(A) implies that EVAL(A) must also be #P-hard. If B' is not ^T^P-hard then it follows from the 
dichotomy theorem of Bulatov and Grohe [2] that the rank of B is 1 (it cannot be since we assumed 
m > 1, and B is connected). Since B is symmetric, it is a purified non-bipartite matrix. The theorem 
then follows since EVAL(B) = EVAL(A). □ 

8 Proof of Theorem Q 

We start by introducing a technique for establishing reductions between EVAL(A) and EVAL(C,S)). It 
is inspired by the Twin Reduction Lemma proved in pDj. 

8.1 Cyclotomic Reduction and Inverse Cyclotomic Reduction 

Let A be an m X m symmetric complex matrix (Note that A is not necessarily bipartite). Let (C,2)) 
be a pair that satisfies the following condition (T): 

(Ti) C is an n X n symmetric complex matrix; 

{T2) = {D^ , • • • , Dt^^"*^!} is a sequence of N nx n diagonal matrices for some positive integer A'^; 

(73) Every diagonal entry of*^ in D^^^ is a positive integer. Furthermore, for every i G [n], there exist 
nonnegative integers aifl, . . . , Ui^iy-i such that 

N-l N-1 
Df^ = ttij and dP = a^j ■ for all r e [N - 1]. 

j=0 j=0 

In particular, we say tuple {aifi, . . . ,ai^N-i) generates the i*^ entries of D. 

We show that if A and (C,2)) satisfy certain conditions, then EVAL(A) = EVAL(C,2)). 

Definition 8.1. Let =^ = {Rifi, Ri,i, ■ ■ ■ , Ri^n-i, ■ ■ ■ , Rn,o, ■ ■ ■ , Rn,N~i} be a partition of [m] {note that 
each Ra^b here need not be nonempty). We say A can be generated by C using ^ if 

1. ^ satisfies Ube[0:Ar-i] Ra,b / for all a G [n]; 

2. For all i,j £ [m], suppose i £ Rafi and j £ Ra',b', then 

A,, = Ca,a' ■ U^'j^'' . (24) 
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Note that for any pair (C, S) that satisfies (T), one can build a matrix A G ([^"ixm some m > n, 
together with a partition ^ of [m], such that, A can be generated by C using ^ and the a^^ entries of 
2) can be generated by (|i?a,o|5 l-^a,i|; • • • > \Ra,N-i\), for all a £ [n]. We prove the following lemma: 

Lemma 8.1 (Cyclotomic Reduction Lemma). Suppose matrix A can be generated by C using partition 
J% = {i?a,fc}) and for any a G [n], the a^^ entries of T) can be generated by {\Ra,o\, ■■■ i |-^a,Af-i|)) then 

EVAL(A) = EVAL(C,2)). 

Proof. It suffices to prove for any undirected graph G = {V, E), 

Za{G) = ^ wtA(0 and Zc,s{G) = ^ wtc,s(ry) 

are exactly the same. 

To prove this, we define a surjective map p from {,^}, the set of all assignments from V to [m], to 
{??}, the set of all assignments from V to [n]. Then we show for every rj : V ^ [n], 

wtc,D(??) = Yl ^tA(e). (25) 

We define p{S^) as follows. Since ^ is a partition of [m], for any v G V, there exists a unique pair (a, b) 
such that ^{v) £ Ra,b- Let ^i(f) = a and ^2(1^) = b, then we set p{^) = rj = from V to [n]. It is easy 
to check that p is surjective. 

To prove ()25p . we write wtA(C) as 

J- TT A TT ?2{'i*)+€2{'y) TT C2(«) C2{'u) 

uv£E uv£E uv£E 

It follows that 



wtA(e) = n ^v(u)Mv) X n 
= n '^'?(«).^(^) X ( n 



f2(f)-deg{i;) 



Af-1 N 
6-dcg(ti) 



n '^r,(«),r,(i,) n X] \^^i^),b\ -^N 



uv£E \veV \ b=0 / / 

= n C,iu)M^) X fn^f'""'''^) = -tc,x,(r/), 

and the lemma follows. □ 

By combining Lemma l8. 11 Lemma l7.4|, and the dichotomy theorem of Bulatov and Grohe, we have 
the following handy corollary for dealing with EVAL(C,2)): 

Corollary 8.1 (Inverse Cyclotomic Reduction Lemma). Let {C,D) be a pair that satisfies condition 
(T). If C has a 2 X 2 sub-matrix 
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such that all of its four entries are nonzero and 
then the problem EVAL(C,2)) is #P-hard. 

Proof. By the Cyclotomic Reduction Lemma, we know there exist a symmetric m x m matrix A, for 
some positive integer m, and a partition ^ of [m], where 

^ = [Ra,b I a G [n], 6 G [0 : iV - 1]| and |J Ra,b + 0, for all a G [n], (26) 

fee[0:Af-l] 

such that EVAL(A) = EVAL(C,2)). Moreover, matrices A and C satisfy (pi]) . 

Now suppose there exist i ^ j,k ^ i ^ [n] such that |Ci^fc|, \Ci^(\, \Cj^k\ and \Cj^(\ are non-zero and 
\Ci^kCj^i\ / \Ci^iCj^k\- We arbitrarily pick an integer i' from Ufe-^i,b (which is known to be nonempty), 
a / from |Jj,i2j^b, a k' from IJ^i^fc^;,, and an I' from IJ^i?^^;,. Then by ([24l) . we have 

|^i',A;'| = |Cj,fc|, = |Ci/|) l^j',A:'| = \Cj,k\, ,t'\ = IC'j/l; and \Ai'^k'^j'/'\ / \Ai'/'Aji^k'\- 

Let A' = (|j4jj|) for all i,j G [m], then A' has a 2 by 2 sub-matrix of rank 2 and all of its four entries 
are non-zero. By the dichotomy theorem of Bulatov and Grohe (Corollarv l2.ip . EVAL(A') is ^^P-hard. 
It then follows that EVAL(C,S)) is also #P-hard, since EVAL(C,S)) = EVAL(A), and by Lemma [731 
EVAL(A') < EVAL(A). □ 

By combining Lemma 18. H Eq. ()25l) , and the First Pinning Lemma (Lemma I4.ip , we have 

Corollary 8.2 (Third Pinning Lemma). Let (C,2)) be a pair that satisfies (T), then 

EVALP(C,D) = EVAL(C,D). 

In particular, the problem of computing {or Z^^) is polynomial-time reducible to EVAL(C,S)). 

Proof We only need to prove that EVALP(C,D) < EVAL(C,D). 

By the Cyclotomic Reduction Lemma, we know there exist a symmetric m x m matrix A, for some 
m > 1, and a partition ^ of [m], such that, ^ satisfies ([26]) and EVAL(A) = EVAL(C,2)). A, C and ^ 
also satisfy ([MD- 

By the First Pinning Lemma, we have EVALP(A) = EVAL(A) = EVAL(C,S)). So we only need to 
reduce EVALP(C,D) to EVALP(A). 

Now let {G,w,i) be an input of EVALP(C,S)), where G is an undirected graph, w is a vertex in G 
and i G [n]. By (I25p . we have 

ZcMG,w,i) = ^ wtc,D(??) = X] ^tA(0 = X] ^AiG,wJ). 

ri:r){w)=i S,-(.i{'w)=i j<^UbRi,b 

This gives us a polynomial-time reduction from EVALP(C,2)) to EVALP(A). □ 

Notice that, compared to the Second Pinning Lemma, the Third Pinning Lemma does not require 
the matrix C to be the bipartisation of a unitary matrix. It only requires (C,2)) to satisfy (T). 
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8.2 Step 2.1 

Let A be a purified bipartite matrix. Then after collecting its entries of equal norm in decreasing order 
(by permuting the rows and columns of A), there exist a positive integer A'' and four sequences yit, m 
and n such that (A, (A^, /i, i/, m, n)) satisfies the following condition: 

(S\) Matrix A is the bipartisation of an m x ra matrix B so A is (m + n) x (m + n). \x = {/xi, . . . , //s} 
and V = {i/i, . . . , i/t} are two sequences of positive rational numbers, of lengths s > 1 and t > 1, 
respectively, fx and v satisfy /xi > /X2 > • • • > Ms and v\ > > ■ ■ ■ > Vf m = {mi, m^} and 
n = {ni, ...,n(} are two sequences of positive integers such that, m = ^ and n = ^nj. The 
rows of B are indexed by x = (xi,X2) where xi £ [s] and X2 G [ma;J, while the columns of B are 
indexed by y = (yi,y2) where yi G [t] and y2 G For all x, y, we have 

where S = {5'x,y} is an m x n matrix in which every entry is a power of lon- 



//III 



B 



mi 



m2 



S(2,*),(l,*) S(2,*),(2,*) 
\S(s,*),(l,*) S(s^*),(2,*) 



where Ife denotes the k x k identity matrix. 
We let 



S(2, *),(*,*) 



ni 



1^2 1- 
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I=[j{ihj)\j^[mi]} and J = e [rii]}, 

ie[s] ie[t] 

respectively. We use {0} x 7 to index the first m rows (or columns) of A, and {1} x J to index the last 
n rows (or columns) of A. Given x G / and j G [t], we let 

Sx,(i,*) = (-S'x.O-,!), • • • , 5'x,(j- nj)) G C"^ 

denote the j*'* block of the x*'^ row vector of S. Similarly, given y G J and i G [s], we let 



denote the i block of the y column vector of S. 

Lemma 8.2. Suppose (A, {N, fx, u, m, n)) satisfies (Si), then either EVAL(A) is #P-hard or (A, {N, /x, 
VjUiju)) satisfies the following two conditions: 

((S2) For all X, x' G /, either there exists an integer k such that Sx,* = • Sx',* or for every j G [t], 

(Sx,o»,Sx',(j») = 0; 

(1S3) For all y,y' G J, either there exists an integer k such that S*^y = ■ S*_y' or for every i E [s], 

(^(i,*),y' ^(i,*),y') = 0- 



35 




Figure 2: Gadget for constructing graph p> 1- 



Proof. Assume EVAL(A) is not T^P-hard. We only prove (52) here. (53) can be proved similarly. 

Let G = {V, E) be an undirected graph. For each p> 1, we construct a new graph G^^] by replacing 
every edge uv in E with a gadget which is shown in Figure [2j 

More exactly, we define graph G^^^ = (l/W , ) as follows: 

y[p] = {ae,6e|e G E} 

and E^'P^ contains exactly the following edges: For each e = uv G E, 

1. one edge between (n, Og) and {be,v); 

2. (pN — 1) edges between {ae,v) and {u,be)- 

The construction of G^^\ for each p > 1, gives us an (m + n) x (m + n) matrix such that 

Zj^[p]{G) = Za{G^^^), for all undirected graphs G. 

Thus, we have EVAL(AW) < EVAL(A), and EVAL(AW) is also not #P-hard. 
The entries of are as follows. First, 

^(olu),(i,v) = ^(i!v),{o,u) = 0' for ah u G / and v G J. 

So AW is a block diagonal matrix with 2 blocks of m x m and n x n, respectively. The entries in the 
upper-left m x m block are 



(0,u),(0,v) 



X]^(0.").{l.a)(Ao,v),(l,a)F^ M J^(^(0,u),(l,b)f^ ^^(0,v),(l,b) 

VaeJ / VbeJ / 

VaeJ / VbeJ / 



for all u, V G /. The first factor of the last expression is 

Mtti l^ai Su,a{lJ'Vi Vgx ^ S^^a = fJ-uifJ^i ^ai 5'u,a5'v,a = /^mi/^Sj^ '^f {^u,(i,*)^^v,{i,*)) 

aeJ aSJ ie[t] 

Similarly, we have for the second factor 

he J ie[t] 



36 



As a result, 



A 



[p] 

(0,u),(0,v) 



ie[t] 



It is clear that the upper-left mx m block of AI^I is a nonnegative real matrix. Similarly one can prove 
that the same holds for its lower-right n x n block, so A^pI is a nonnegative real matrix. 

Now let u 7^ V be two indices in / (note that if |/| = 1, then (52) is trivially true), then we have 



^{0,u),{0,u)^{0,v),(0,v) ~ (/^ui^fi)^^^ { "-t • K 

ie[t] 



pN 



which is positive, and 



A 



[P] M _ (.. .. )2pN 

(0,u),(0,v)^{0,v),(0,u) - KH-uifJ-vi) 



ielt] 



Since EVAL(A[p1) is not ^P-hard, by the dichotomy theorem of Bulatov and Grohe (Corollary [2TT 



y^ (Su,(i,*) ) Sv,(i,*)) 

ie[t] 



is either or X^jgj^] rn ■ uf^. 

Now suppose vectors Su,* and Sv,* are linearly dependent, then because entries of S are all powers 
of (J AT, there must exist an integer k £ [0 : N — 1] such that Su,* = u!% ■ Sv,*, and we are done. 



Otherwise, assuming Su and Sv,* are linearly independent, we have 



< y^ Ui ■ ff^, for any p > 1. 

ie[i] 



(27) 



This is because, if the left-hand side is equal to the right-hand side, then |(Su (j Sv, («,*)) | = rii for all 



i S [t] and thus, Su,(i,*) = • Sv,(i,*) for some ki ^ [0 : N — 1]. Moreover, these kiS must be the same 



since we assumed (p7|) is an equality: 



pN 



As a result, Su,* and Sv,* are linearly dependent, which contradicts the assumption. By (p7|) . we have 

X] ^i'^(Su,{i,*), Sv,(i,*)) = 0, for all p > 1. 

i&[t] 

Since i^i >...> ut is strictly decreasing, by using the Vandermonde matrix, we have 

(Su,(i,*),Sv,(i,*)) = 0, for all i G [t]. 
This finishes the proof of (^2). □ 
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We then have the following corollary: 

Corollary 8.3. For all i G [s] and j G [t], the rank of the {i,jY^ block matrix S(j (j o/S has exactly 
the same rank as S. 

Proof. Without loss of generality, we prove rank(S(i (i = rank(S). 
First, we use Lemma 18.21 to show that 



rank 



/S(i,*),(i,*)\ 

S(2, *),(!,*) 



rank(S). 



To see this, we take any h = rank(S) rows of S which are linearly independent. Since any two of them 
Sx,(*.*) ^iid Sy are linearly independent, by condition (52), the two subvectors Sx^(i^*) and Sy (i 
are orthogonal. Therefore, the corresponding h rows of the matrix on the left-hand side are pairwise 
orthogonal, and the left-hand side is at least h. Of course it cannot be larger than h, so it is equal to h. 
By using condition {S3), we can similarly show that 



rank(S(i^^,)^(i_^,)) = rank 



As a result, we have rank(S(i (1 ^,)) = rank(S). 



S(2,*),(l,*) 

\S(s,*),(i,*)/ 



□ 



Now suppose h = rank(S), then by Corollary 18.31 there must exist indices 1 < ii < . . . < i/i < mi 
and I < ji < ■ ■ ■ < jh < ni, such that, the {(l,ii), . . . , {l,ih)} x {(l,Ji), • • • , (l,Jh)} sub-matrix of S 
has full rank h. Without loss of generality (if this is not true, we can apply an appropriate permutation 
n to the rows and columns of A so that the new S has this property) we assume = k and jk = k for 



all /c G [/il. We use H to denote this h x h matrix: H, 



S, 



By Corollary 18.31 and Lemma 18.21 for every index x G /, there exist two unique integers j G [h] and 
k£\0 : N -1] such that 

' " ~ (28) 



This gives us a partition of index set {0} x /: 

^0 = {R{0,i,j),k I i e [s],j G [h], k£[0:N-l]}, 
as follows: For every x G /, (0,x) G R(o,i,j),k if i = xi and x,j, k satisfy (j28l) . By Corollarv 18.31 we have 

IJ ^(0,ij),A: / 0, for ah i G [s] and j G [/i]. 

ke[0:N-l] 



Similarly, for every y G J, there exist two unique integers j G [h] and k £ [0 : — 1] such that 



S*,y - Wat • 



(29) 



and we partition {1} x J into 



^1 = {R 



e[t],j e[h],kG[0:N-l]}, 
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as follows: For every y G J, (l,y) G R{i,i,j),k if ^ = yi and y,j,k satisfy (p9]) . Again by Corollary [87 



-R(i,ij),A; / 0) for all i £ [t] and j G [/i]. 

fce[0:Af-l] 

Now we define {C,D) and use the Cyclotomic Reduction Lemma (Lemma 18. ip to show that 

EVAL(C,2)) = EVAL(A). 

First, C is an (s + t)h x (s + t)h matrix which is the bipartisation of an sh x th matrix F. We use set 
/' = [s] X [h] to index the rows of F, and J' = [t] x [h] to index the columns of F. We have 



-Fx,y = /^xif?/i-ffx2,j/2 = /^a;i^'3/i5'(i,^2),(l,?/2)' fo^^ ^11 X E y G j' , 



or equivalently, 



V 



\ /H H 
H H 



H 



\H H ... H/ 



V 



where I is the h x h identity matrix. We use ({0} x /') U ({1} x J') to index the rows/columns of C. 

Second, D = {D'"!, D''^""^!} is a sequence of N diagonal matrices of the same size as C. We use 
{0} X /' to index the first sh diagonal entries, and {1} x J' to index the last th diagonal entries. Then 
the (0,x)*'^ entries of 2) are generated by {\R(o,xi,x2),o\i ■ ■ ■ ■> \R{o,xi,x2),N-i\) aiid the (l,y)*^ entries of 2) 
are generated by (|^(i,yi,y2),ol, • • • , \R{i,yi,y2),N-i\)- 

N-l 



\T\ — ^ 1 I 

-^(O.x) = \RiO,xuX2),k\ 



kr 



and D 



(i.y) 



N-l 

^ |-^(l,yi,S/2),fc| 



kr 



A;=0 



fc=0 



for all r e [0 : iV - l],x = (xi,X2) G /' and y = (?/i,y2) G J' ■ 

The following lemma is a direct application of the Cyclotomic Reduction Lemma (Lemma 18. ip . 

Lemma 8.3. EVAL(A) = EVAL(C,D). 

Proof. First we show that A can be generated from C using U Mi. 



Ho,xi,j),k and (0,x') G R(o,x[j'),k' , then we have 



Let x,x' G /, (0,x) G R( 

^{0,x),{0,x') = C(0,xi,j),(0,a;i,j') = 0; 

since A and C are the bipartisations of B and F, respectively. As a result, 

A, 



HO,x),(0,x') 



L'{0,xi,i),(Oyi,j') ■ 



holds trivially. Clearly, this is also true for the lower-right n x n block of A. 

Let x G /, (0,x) G R{o,xuj),k, y G J, and (l,y) G R(i,y^j')^k' for some j,kj',k', then by (l28D-(l29D, 



^(0,x),(l,y) — IJ-xi^yiS-n^y — flxi'-'yiS(ij)^y ■ UJ% — t'yi '5(1 J') • iO 



k+k' _ .k+k' 
N - '-'(0,xuj),il,yi,j') ■ ■ 



A similar equation holds for the lower-left block of A, so it can be generated from C using Mq U Mi. 

On the other hand, the construction of 2) implies that 2) can be generated from partition Mq U Mi. 
The lemma then follows directly from the Cyclotomic Reduction Lemma. □ 
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8.3 Step 2.2 

We first summarize what we proved in Step 2.1. We showed that problem EVAL(A) is either ^^P-hard 
or equivalent to EVAL(C,S)), where {C,D) satisfies the following condition (Shape): 

{Shapei): C G £;raxm (^j^Q^g that this m is different from the m used in Step 2.1) is the bipartisation 
of an sh x th matrix F (thus m = (s + t)h). F is an s x t block matrix and we use I = [s] x [/i], 
J = [t] X [/i] to index the rows and columns of F, respectively. 

{Shape2): There are two sequences fx = {^i > . . . > /i^ > 0} and v = {vi > . . . > I't > 0} of rational 
numbers together with an h x h full-rank matrix H whose entries are all powers of lun, for some 
positive integer N. For all x G / and y G J, we have 

(Shapes): D = {D^''], . . . jDI^"-*^!} is a sequence of m x m diagonal matrices. D satisfies (Ts), so 



^(olx) = ^(Jxf' and I) My) = d\1~^\ for all r G [iV - 1], X G [s] x [h] and y G [t] x [h]. 

We use ({0} x /) U ({1} x J) to index the rows and columns of matrices C and D'^I. 
Now in Step 2.2, we prove the following lemma: 

Lemma 8.4. Either EVAL(C,S)) is #P-hard, or H and D^'^] satisfy the following two conditions: 

(Shape4): • H is a unitary matrix: (Hj^,,,, Hj^*) = (H^K^j, H=kj) = for all i ^ j ^ [h]. 

(Shapes); satisfies D^^l^^ = D^^^^^^^i)) for all x G /, and D^^^^^^ = (j^^ ^)) for all y G J. 

Proof. We rearrange the diagonal entries of D''^! indexed by {1} x J into atxh matrix X: 

Xij = d|°|(. ^.)), for all i G [t] and j G [h], 

and its diagonal entries indexed by {0} x / into an s x h matrix Y: 

Yij = L>|°' ( . ,^.)j , for all i G [s] and j G [h]. 

Note that by condition (Ts), all entries of X and Y are positive integers. 

The proof has two stages: First, we show in Lemma 18.51 that, either EVAL(C,!D) is ^P-hard, or 



(Hj,* o Hj,^,, Xfe,*) = 0, for ah k G [t] and i j e [h], and (30) 



(U^^i o H^^j, Yfc,*) = 0, for ah k G [s] and i^ j e [h]. (31) 
We use U to denote the set of /i-dimensional vectors that are orthogonal to 



The above set of /i — 1 vectors is linearly independent. This is because 



h / \ 

ai {Ui,* o Hi,*) = Hi,* o ^ ajHj,* , 

i=2 \i=2 / 
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and if Yl!i=2 o Hj^,,,) = 0, then Yl!i=2 (^i^i,* = since all entries of Hi^.,, are nonzero. Because H 

has full rank, we have ai = 0, i = 2, . . . ,h. As a result, [/ is a linear space of dimension 1 over C. 
In the second stage, we show in Lemma 18.61 that, assuming (j30p and (j3ip . either 



0, for all k G [t] and i ^ j £ [h], and 



(H*,j o H^, J, (Yfc_*)2) = 0, for all k e [s] and i j £ [h], 



(32) 
(33) 



or EVAL(C,2)) is #P-hard. Here we use (Xfc_*)^ to denote X^,* o Xfc_*. 

([30]) and ([32]) then imply that both Xfc^.,, and (X^^*)^ are in U and thus, they are linearly dependent 
(since the dimension of U is 1). On the other hand, by (Ts), every entry in X^ ,,, is a positive integer. 
Therefore, X^^,,, must have the form u ■ 1, for some positive integer u. The same argument works for 
^k,* and the latter must also have the form u' ■ 1. By ()30p and (I3ip . this further implies that 

(Hj^^K, Hj^*) = and (H^,^j,H^,j) = 0, for ah i / j G [h]. 

This finishes the proof of Lemma 18.41 □ 

Now we proceed to the two stages of the proof. In the first stage, we prove the following lemma: 

Lemma 8.5. Either matrices H, X and Y satisfy ([301) and ([311) . or EVAL(C,£') is #P-hard. 

Proof. Suppose problem EVAL(C,S)) is not #P-hard, otherwise we are already done. We let D* denote 
a sequence of N m x m diagonal matrices in which every matrix is a copy of (as in T>): 

2)* = {dM,...,dM}. 

It is easy to check that D* satisfies condition (T3). 

Let G = {V, E) be an undirected graph. For each p > 1, we build a new graph G'^I = (yl^l, E'M) in 
the same way as we did in the proof of Lemma 18.21 This gives us an m x m matrix C such that 

j)*(G) = Zc,,T>{G^^^), for all undirected graphs G, 

and thus, EVAL(CW,D*) < EVAL(C,S)), and EVAL(CW,S)*) is also not #P-hard. 

Matrix C'^' is a block matrix which has the same block dimension structure as C. The upper-right 
and lower- left blocks of Ct^^ are zero matrices. For x, y G /, we have 



'"(0,x),(0,y) 



^aeJ / VbeJ / 



By {Shape2) and the fact that all entries of X are positive integers, we can rewrite the first factor as 

/^zi (/^j/i )^ ^ ^^ iyaiY' Hx2,a2Hy2,a2-^ai,a2 ~ P'Xii.l^y-if ^ ^ i^a)^ {'^X2,* ^ '^y2,*j'^a,*) ■ 

aeJ a6[t] 

Similarly, we have 



ae[t] 

for the second factor. Since f a > for all a, we have 



ae[i] 



(34) 
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so the upper-left block of C^^^ is a nonnegative real matrix. Similarly one can show that the same holds 
for its lower-right block, so Ct^l is a nonnegative real matrix. 
Now for any x 7^ y G I, we have 

which are positive, and 

4 



Since EVAL(C[p], S)*) is not #P-hard and (CW,D*) satisfies (T), by the Inverse Cyclotomic Reduction 
Lemma (Corollary 18. ip . we have 

eirner l,<--(o,x),(0,y)^ " '-^(0,x),(0,x)'-^(0,y),(0,y) '-'(o,x),(o,y) - ^• 

We claim that if the former is true, then we must have X2 = y2- This is because, in this case, we have 



ae[t] 



EKr E^'^-"' 

ae[t] b(^[h] 



and the norm of (H.X2,* ° ^y2,*^'^a,*) rnust be X^f,g[/i] Xa^b- However the inner product is a sum of Xa^s 
weighted by roots of unity, so the entries of tlx2,* ° ^y2,* must be the same root of unity. Thus, tlx2,* 
and Hy2,* are linearly dependent. Since H is a matrix of full rank, we conclude that X2 = 2/2- 
In other words, if X2 / 2/2; then we have C'|o^x) (0 y) ~ ^ thus, 

'^i'^aT^ {H.X2,* ° ily2,*,^a,*) = 0, for all p > 1 and all X2 7^ 1/2, 

ae[t] 

since the argument has nothing to do with p. By using the Vandermonde matrix, we have 



{'H.X2,* ° 'H.y2,*?^a,*) = 0, for ah a G [t] and all X2 7^ 2/2- 

This finishes the proof of (|30p. (|3ip can be proved similarly. □ 

In the second stage, we prove the following lemma: 

Lemma 8.6. Suppose matrices H, X and Y satisfy both (j30p and (jSip . T/ien either they also satisfy 
(1321) and (|33D, or EVAL(C,2)) is #P-hard. 

Proof. We will only prove (j33p . (j32p can be proved similarly. Again, we let 2)* to denote a sequence of 
N m X m diagonal matrices in which every matrix is a copy of D''^] (D* satisfies (T^)). 

Before starting the proof we note the following property of the matrix C'^l which we used in the 
proof of Lemma [831 since we need it to prove (jSSjl here: When X2 = 2/2, by (f34jl . we have 

^{o!x),{0,y) = (^^i/^J/i)^ E^^'*)^ E ^<''' 

\aelt] belh] 
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and is equal to when X2 ^ y2- We use L to denote the second factor on the right-hand side, which is 
independent of x and y, so the right-hand side becomes {fJ-xi fJ-yi)^ • L. 

Additionahy, because of ([3T]) . we have Y^^,,, and Yi^^, are hnearly dependent for every k. Thus there 
exists a positive rational number Afc such that 

Yfc,* = Afc-Yi,„ foranA;G[s]. (35) 

Because of this, we only need to prove (j33|) for the case when k = 1. 

Now we start the proof of ([33]) . Suppose EVAL(C, D) is not ^^P-hard. We use G = {V, E) to denote 
an undirected graph, then for each p > 1, we build a new graph G(p) = {V^p\E^p)) by replacing every 
edge e = uv G E with a gadget which is shown in Figure [3l 

More exactly we define G^p^ = {V^p\E^p^) as follows: 

y(P) = VU {Oe, be, Ce,de, a'g, ftg, Cg, 4 6 G £'}, 

and E^P^ contains exactly the following edges: For every edge e = uv G E, 

1. One edge between {u,ae), {a'e,v), (ce,&e), {de,ae), (Ce,6g) and (dg,ag); 

2. pN — 1 edges between (ag,f) and {u,a'^); 

3. N — 1 edges between (og, Cg), {be,de), (a'g, Cg) and (6g, dg). 

It is easy to check that the degree of every vertex in is a multiple of A^. 

Moreover, the construction of G^p^ gives us a new m x m matrix R^^^ which is symmetric since the 
gadget is symmetric, such that 

Zj^(p) J), (G) = Zc,d(G^^^), for all undirected graphs G 
and thus, EVAL(R(p), 2)*) < EVAL(C,S)), and EVAL(R(p), D*) is also not #P-hard. 
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The matrix R*^^-* is a block matrix which has the same block dimension structure as C. The upper- 
right and lower-left blocks of R*^^) are zero matrices. The entries in its lower-right block are as follows: 

-^(l!x),(l,y) ^ I -^a,x(-^a,y)^^ "^^{o!a),(0,b) ■^«i.«2'^^i,62 1 j X] (-?^a,x)^^ "^-^a:y'^(o!a),{0,b)-^ai,a2^fel,fe2 

\a,be/ / \a,be/ 

for x,y G J. Firstly, by ([Ml), we have Ya^^aiYbifii = AaiAfc^li,a2li,fe2- Secondly, we have 

^(o!a),(o,b) = 0' whenever 02 / 62- 
As a result, we can simplify the first factor to be 

a,be/, 02=62 

ai,bie[s] a2£[h] 

where 

a-i,b-i&[s\ 

is a positive number that is independent from x, y. Similarly the second factor can be simplified to be 



As a result, we have 



-^(l,x),(l,y) ~ (''^') ' i^osiT^yiT ' {^*,X2 °'^*,y2^0^l,* 



\2\ 



Thus the lower-right block of R^^-* is non-negative. Similarly one can prove that the same holds for its 
upper-left block, so R^^^ is non-negative. 

We now apply Corollary O to (R'-p\D*). Since EVAL(R(p), 2)*) is not #P-hard, we have 

either (d^'^ , ^ = R^I'^ . . . or R^'^ , . = 0, for any x / y e J. 

^ (l,x),(l,y)/ {l,x),(l,x) (l,y),(l,y) (l,x),(l,y) ' J T J 

We claim that if the former is true, then we must have X2 = y2- This is because, in this case, 

i£lh] 

However, the left-hand side is a sum of (li^j)^'s, which are positive integers, weighted by roots of unity. 
To sum to a number of norm Yli£[h] entries of tl^:^x2 ° ^*,y2 must be the same root of unity. As 

a result, tl*^x2 ^ud il*,y2 are linearly dependent. Since H is of full rank, we conclude that X2 = y2- In 
other words, we have shown that 



{H.*,X2 ° ^*,y2 ) (Yi,*) ) = 0, for ah X2 / 2/2- 
By combining it with (j35|) . we have finished the proof of □ 
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8.4 Step 2.3 

Now we have a pair {C,D) that satisfies conditions {Shapei)-{Shape5) since otherwise, by Lemma[ 
EVAL(C,5)) is T^P-hard and we are done. 

In particular, by using (Shape^) we define two diagonal matrices K^'^l and L^'^l as follows. is an 
(s + 1) X (s + 1) diagonal matrix. We use (0, i), where i £ [s], to index the first s rows, and (l,i), where 
j G [t], to index the last t rows of KI'^L The diagonal entries of K^*'! are 

<.)=^(S(.i)) <!,) = ^ril0M))' foralHGMandie[t]. 

The matrix LM is the 2h x 2h identity matrix. We use (0, i), where z G [h], to index the first h rows, 
and (1, j), where j S [h], to index the last h rows of Lt^^l. By {Shapes), we have 

-D^n^=^^n ^--^^m ^ and , • for all x e / and y G J. (36) 

(0,x) (0,a;i) (0,a;2) (l,y) (l,j/i) (l,y2)' ^ 

or equivalently, 

-p) _ 0,*) _ 0,* ^ 0,* (nj\ 

The main target of this step is to prove a similar statement for D^, r €z [N — 1]. These equations will 
allow us to decompose, in Step 2.4, the problem EVAL(C,2?) into two subproblems. 

In the proof of Lemma 18.41 we crucially used the property (from (Ts)) that all the diagonal entries 
of D[*'1 are positive integers. However, for r > 1, (Ts) only gives us some very weak properties about 
dM. For example, the entries are not guaranteed to be real numbers. So the proof that we are going 
to present here is, as one might expect, much more complicated. We prove the following lemma: 

Lemma 8.7. Let (C,S)) be a pair that satisfies conditions {Shapei)-{Shape5) , then either the problem 
EVAL(C,2)) is #P-hard, or it satisfies the following condition: 

{Shapes): There exist diagonal matrices K^'^l and L^^l such that D[''],K[^1 and L''^] satisfy (I37p . Every 
entry of K^^l is a positive integer, and lI*^! is the 2h x 2h identity matrix. For every r G [A^ — 1], 
there exist two diagonal matrices: K^^l and L^. is an (s + 1) x (s + 1) matrix, and Jj^^'^ is a 
2h X 2h matrix. We index and LI*"! in the same way we index KI*^] and L^'^l, respectively, and 

Moreover, the norm of every diagonal entry in LM is either or 1, and for any r G [A^ — 1], 

Kit) = ^ = = ^ = 0; 

/ ^ 3i G [h], lM^) = 1 and L^^^ / =^ 3z G [h], L^^^ = 1. 

We now present the proof of Lemma 18.71 Fix an r G [A^ — 1] to be any index. We use the following 
notation. Consider the diagonal matrix DM. This matrix has two parts: 

D(o!*) e C^''''''' and d';!^) G C*'^^*^ 

The first part has s blocks where each block is a diagonal matrix with h entries. We will rearrange the 
entries indexed by (0,*) into another matrix which we will denote as D (just like what we did to D^'^] 
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in the proof of Lemma l8.4p . where its i-th row Dj^,,,, for z S [s], denotes the values of the i-th block and 
the j-th entry of the i-th row Dij, for j S [h], denotes the j-th entry of that i-th block. More exactly, 

Dij = -C»(o_(jj)), for all i G [s] and j G [h]. 

We prove the following lemma in Section [8.4.2I A similar statement can be proved for D^'^^^j. 
Lemma 8.8. Either problem EVAL(C,S)) is #P-hard; or 

- rank(D) is at most 1, and for any i,j,j' £ [h], if Di j ^ and Di^i ^ 0, then = |-Djj'|. 

We now use it to prove the first half of Lemma 18.71 that is, there exist K^^^^ and L^J^^ such that 



D 



(0,*) ~ -^(0,*) ^ -^(o,*)- 



(38) 



Assume is non-zero (otherwise, the lemma is trivially true by setting and L^^^^ to be zero). 

Let a be an index in [s\ and b be an index in [h\ such that D^.t 7^ 0. By Lemma ESI we know the rank 
of D is 1, so Dj^^K = {Di^b/ Da^b) • ^a,*, for any i £ [s]. Then it is clear that, by setting 



K 



{0,i) 



and L 



Da, 



we have 



for all i G [s] and j G 



'(0,(ij)) "^0,i) ^(0,i)' 

and (j38p follows. The existence of matrices K^-^^^ and L^^^^ can be proved similarly. 

One can also check that and satisfy all the properties stated in {Shapes). This finishes the 
proof of Lemma 18.71 (assuming Lemma l8.8p . 



8.4.1 The Vanishing Lemma 

We will use the following Vanishing Lemma in the proof of Lemma 18.8 



Lemma 8.9 (Vanishing Lemma). Let k be a positive integer and {xi,n}n>i, for 1 < i < k, be k infinite 
sequences of non-zero real numbers. For notational uniformity we also denote by {xo,n}n>i ths sequence 
where xo,n = 1 for all n > 1. Suppose 

lim = 0, for < i < k. 



i,n 



Part A: Let Oj and bi G C, for < i < k. Suppose for some I < i < k, Ui = bi for all < i < £ and 
flo = ^0 = 1- Also suppose lm{ae) = Im(6f). If for infinitely many n, 



i=0 



i=0 



then a£ = b£. 

Part B: Let ai G C, for < i < k. Suppose for infinitely many n, 



E 

2 = 



CLiXi 



0, 



then aj = for all < i < k. 
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Proof. We first prove Part B, which is simpler. By taking n — > oo (TechnicaUy we take a subsequence 
of n approaching oo where the equality holds; same below), we get immediately oq = 0. Since xi^n / 0, 
we can divide out |xi^n|) and get for infinitely many n, 



i=l 



0. 



Now the result follows by induction. 

Next we prove Part A. Multiplying by its conjugate, we get 



E 




,1=0 




Every term involves a product Xi^nXj^n- If max{«,j} < £, then the terms aiOjXi^nXj^n = bibjXi^nXj^n and 
they cancel (since Oj = hi and aj = bj). If max{z, j} > £, then both terms aiOjXi^nXj^n and bibjXi^nXj^n 
are o(|x^^„|) as n — > cxd. This is also true if max{z, j} = £ and min{i, j} > 0. The only remaining terms 
correspond to max{z,j} = £ and min{i, j} = 0. After canceling out identical terms, we get 

{ai + ai)xt^n + o{\xi^n\) = {bi + hi,)xi,^n + o{\xi>^n\), 

as n — > OO. Dividing out and then taking limit n ^ oo, we get the real part 

Re(a£) = Re(6£). 

It follows that ai = bi since lm{ae) = lm(b£). □ 

We remark that Part A of the Vanishing Lemma above cannot be extended to arbitrary sequences 
{aj} and {hi} without the condition that Im^ai) = lm{be), as shown by the following example: Let 



Ol 



3 + V^i, 02 = 3 + 



and b 



3. 



Then the following is an identity for all real values x, 

1 1 + aix + 02X^1 = 1 1 + bix + b2X^ 



In particular this holds when x ^ 0. We note that ai ^ bi 



8.4.2 Proof of Lemma [8T8] 

Without loss of generality, we assume 1 = fii > . . . > Hs > and 1 = ui > . . . > ut > (otherwise, we 
can multiply C with an appropriate scalar so that the new C has this property. This operation clearly 
does not affect the complexity of EVAL(C, 2))). We assume EVAL(C,3) is not #P-hard. 

Again, we let D* denote a sequence oi N mx m diagonal matrices in which every matrix is a copy 
of the matrix D^'^l in 2). It is clear that satisfies condition (Ts). 

Recall that r is a fixed index in [N — 1], and the definition of the s x h matrix D from DM. Let 
G = {V,E) be an undirected graph. For each n > 1, we construct a new graph G'"' by replacing every 
edge uv € E with a gadget which is shown in Figure HI 
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More exactly, we define G'"! as follows. Let pn = n^N + 1 and qn = nN — 1 (when n ^ oo, qn will 
be arbitrarily large, and for a given q^, Pn will be arbitrarily larger). Then 

yN = VU {ae,Xe,i,ye,i,^e,Ce,ag,Xg j,yg^j,6g,Cg \ e£ E,i£ [r]}, 

and i?'"] contains exactly the following edges: For every edge e = uv G E, 

1. One edge between {u,ae), {v,a'g), {ae,ye,i) and {a'^,y'i. for all i £ [r]; 

2. N — 1 edges between {v,ae), {u,a'^), {ae,Xe,i) and {a'^,x'^-), for all i G [r]; 

3. Pn edges between {be,Xe,i) and (6e,a;gj), for all i £ [r]; 

4. qn edges between {ce,ye,i) and (Cg,yg J, for all i G [r]. 

It is easy to check that the degree of every vertex in graph Gt"! is a multiple of except for bg and 6g, 
which have degree r mod A^, and Cg and Cg, which have degree N — r mod N. 

Since the gadget is symmetric with respect to vertices u and v, the construction of G'"] gives us a 
symmetric m x m matrix R'"] (recall m = (s + t) x h) such that 

^rW = -2^c,d(G''"^), for all undirected graphs G. 

As a result, EVAL(rW,S)*) < EVAL(C,2)), and EVAL(rW, S)*) is also not #P-hard. 
The entries of R'^^ are as follows: For all u G / and v G J, 



^(0,u),(l,v) ~ -^(l,u),(0,v) ~ ^• 



For u, V G J, we have 



-^(l,u),(l,v) ~ I \Z^^a,x -^b,x-^{l,x) I I ■^'^'y^c,y-^(i,y) I -t'a.u^a.v -^(0,a)-^(0,b)-^(0,c) 



i,b,ce/ VxeJ / \yeJ 

E fE<x-i^c.i^j;u)7E 

i,b,c6/ VxeJ / VyeJ 



-f^a,y-t'c,y-^(l,y) I -f^a,u -f^a,v-t^(o,a) ^(0,b) -^{0,c) 
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Let us simplify the first factor. By using {Shape2) and (Shapes), we have 

= <"V?: E (^xJ^-'+^"^{?,(.,i))(Hfe,.,H,„.). (39) 

Xl£[t] 

We use L to denote the following positive number which is independent of u, v, a, b and c: 

a:ie[t] 

Then by {Shapei), (f39]l is equal to L • /i^^^'^/ij" if 02 = &2; and otherwise. Similarly, 

E I)}';!^) = L' . if as = C2; 

yeJ 

and otherwise, where L' is a positive number that is independent of u, v, a, b and c. 

By (Shapes), we have 

[N-r] _ _ ^ 

-^(0,c) ~ (0,c) ~ ^ci,C2- 

In] 

Combining these equations, the first factor of -^[1 u) (1 v) becomes 



ae/,fe,c6[sl 



c,a2 • 



Let Z denote the following positive number that is independent of u and v: 

aie[s] 

Let P„ = rp„ and Qn = rqn, then the first factor becomes 



c ^ ^ I-^b,aDcaHa^u2^a,V2- 

fe,ce[s] ae[/i] 
We can also simplify the second factor so that u) (i v) equal to 

Z^Uu.V^y E /^r>?" E Db,aD;:^Ha,u2HZ^2] E E Dv,aDc',aHa,U2Ha, 

\b,cG[s] ae[/i] / \fe',c'e[s] ae[/i] 

Since EVAL(R["1, 2)*) is not #P-hard and (R'"',©*) satisfies (T) for all n > 1, the necessary condition 
of the Inverse Cyclotomic Reduction Lemma (Corollary 18. 1|) applies to R'"! . 

In the proof below, for notational convenience, we suppress the index n > 1 and use P, Q and R to 
represent sequences {Pn}, {Qn} and {R["1}, respectively. Whenever we state or prove a property about 
R, we mean Y&^^ has this property for any large enough n (sometimes it holds for all n > 1). Moreover, 
since we only use the entries of Rt"' indexed by ((1, u), (1, v)) with 7x1 = ^1 = 1, we let 

Ru,v = (!,«)), (1,(1,^)), for ah u,v e [h]. 
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As a result, we have (note that ui = 1) 

Dc,aHa,uHa,v 1 j ^ /^b'A'^ ^ Di,' ^aDc' ,aHa,uHa,v j • (40) 
\6,ce[s] ae[/i] / \6',c'eH a6[/i] / 

We will consider the above expression for Ru,v stratified according to the order of magnitude of 

IJ'b fJ-? f^b' fJ-c' = {f^bfJ-bY if^cf^c')'^ ■ 

Since P = Q{v?) and Q = B(n), when n oo, Q is arbitrarily and sufficiently large, and P is further 
arbitrarily and sufficiently large compared to Q. Thus, the terms are ordered strictly first by Hb/J'b', and 
then by /Uc/^c'- 

Inspired by this observation, we define the following total order <^ over T, where 



T 

For Ti and T2 in T, where 



'1 Ci\ fb2 C2 

and 1 2 



we have Ti <^ r2 if either i^bilJ-b' < /^62A'f)' ! t^bifJ-b' = /^b2/"b' ^'^d /"ci/^c' < /Uc2/"c' • For convenience, 
whenever we denote a 2 x 2 matrix in T by Tj or T, we denote its entries by 

bi cA (b c\ 

^, or ^,J, respectively. 

Using <^, we can divide T into classes Ti,T2, . . . ^T^ ordered from the largest to the smallest, for some 
positive integer d, such that 

1. If Ti, T2 G Ti, for some i G [d], then we have fJ-bilJ-b'^ = ^^b2^^b'^ and Hcl^J'c[ = /"c2/"4- Note that this 
is an equivalence relation which we denote by 

2. UTi £Ti,T2 £Tj and i < j, then either //fei/x^,/^ > lJ-b2fJ'b'^; or /Ub.^Uf,/^ = /i^/i;,^ and Hc^lJ^c'^ > /^c2/^4- 

For each i £ [d], we arbitrarily pick aT £ % and let C/j denote fJ-b^J'b' and denote /Uc/ic' (note that C/j 
and Wi are independent of the choice of T). It is clear that there is exactly one matrix (|^ ^ in 7i. 
Now we can rewrite (|40p as follows 

ie[d] TeTi 

where 

'b c 



Xu,v,T — j ^ Db,aDc,aHa,uHa,v j I ^ Db' ,aDc' ,aHa,uHa,v j , for T 



ia6 n / 



6' 



c 



Clearly, the term with the maximum possible order in the sum (I4ip corresponds to the choice of 
T = G 7i, since ni is strictly maximum among all fii, . . . ,^s- This is true for every {u,v), and it 
will be the actual leading term of the sum, provided the coefficient of UfW^ = Hi is non-zero. 

Consider the diagonal entries where u = v: First, we notice that, by (1401) . we have Ru u = Rii for 
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all u E [h]; Second, the coefficient of the leading term UfW^ is 



4 

1,* ! 



which is, again, independent of u. Without loss of generality, we may assume Di^,,, is not identically 0; 
otherwise, we can remove all terms involving fii in Eq. (j40p and fi2 will take its place, and the proof is 
completed by induction. (If all D,_=k = 0, then the statement that D has rank at most one is trivial.) 

Assuming that Di^* ^ 0, we have Ru,u = ^i,i / 0, for all u G [h] (and sufficiently large n). This is 
because, ignoring the positive factor Z^, the coefficient ||Di^=k||^ of the leading term UCW^ is positive. 
By using Corollary 18. H we have 

Property 8.1. For all sufficiently large n, > and \Ru,v\ S {0, |i?i^i|} for all u,v €z [h]. 



Prom now on, we focus on n = 1 and denote by = H,,,^! o H=k^„. We note that {'H^^v}ve[h] forms 
an orthogonal basis, with each = h. We also denote ^i,i),t by X^j^t, so 

X,,T = I Yl Db,aD;A(-a,v ) ( Db',aDc',a'Ha,v ) for T = ^] . (42) 

\aelh] J \ae[h] J V 

We need to make two more definitions. Let K = {i £ [h] \ Di^i ^ 0}. By our assumption above, we 
have K ^ 9. Define 

A = {v e[h]\yi,j e K,ni,v = nj,v} and B = [h] - A. 

Note that if \K\ = 1 then A = [h]. The converse is also true which follows from the fact that {'Hif^v}ve[h] 
forms an orthogonal basis. Also since is the all-one vector, 1 £ A and A is non-empty. Moreover, 
ii K = [h], then A = {!}. This, again, follows from the fact that forms an orthogonal basis. 

Now we consider the coefficient X^^t of UCW^ in Ri^v, where T = (} }). For every v £ A, it has 
norm ||Di^^,||^ > 0. It then follows from Propertv 18.11 and Part B of the Vanishing Lemma that 

Property 8.2. For any v £ A and sufficiently large n, \Ri^v\ = |^i,i|- 

If -B 7^ 0, then for any v £ B, the coefficient of T = (| |) in i?i is 



aeK 



Since we assumed v G B, X^^g^^ \Di^a\'^TCa,v is a sum of positive terms |i?i,aP weighted by non-constant 
Ti.a,v, for a (z K, each with complex norm 1. Thus its absolute value must be strictly less than ||Di^^,|p, 
which is only achieved when all T~La,v, for a G K, are equal to a constant. It follows that X^^t < 
Therefore, for v £ B (and n sufficiently large), we have < |^i,i|- By using Propertv 18.11 and Part 

B of the Vanishing Lemma, we have the following property: 

Property 8.3. If v G B, then for all sufficiently large n, Ri ^ = and thus, 

Xy^T = 0, for all i e [d]. 
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In particular, by applying Property 18.31 to 71 = {(J J)}, we have 

\Di,a\'^na,v = \Di,a\^n^ = {\T>i,*\^'>^*,v) = 0, for every v e B, 

since |-Di,a| is real. Furthermore, because {Ti^:^^} forms an orthogonal basis, |Di^=i,p must be expressible 
as a linear combination of {Ti^^t, | v E A}, over C. From such an expression, we have = 
for all i,j S K, by the definition of K. Since Di is only non-zero on K, is a constant on K, and 

Di^i = for any i £ [h] — K. (The above proof does not actually assume i? 7^ 0; if -B = 0, then A = [/i] 
and by {7Y*,^} being an orthogonal basis, \K\ = 1. Then the above statement about Di^* is still valid, 
namely Di^=k has a unique non-zero entry and zero elsewhere.) 
We summarize the above as follows: 

Claim 8.1. |Di^*p _L for all v G B, and |Di^*p is a constant on K and elsewhere. In particular 
the vector XK, which is 1 on K and elsewhere, is in the span o/{?i*.t, | v € A}, and is orthogonal to 
all {7i*,^ \ v e B}. 

Our next goal is to show that on set K, is a constant multiple of J^i^^. Clearly if i? = 0, then 
\K\ = 1 as noted above and thus, it is trivially true that D2,* is a constant multiple of Di^^, on K. So 
we assume B ^ 9. We now consider 

^i=(? 2) ^2 =(2 I 

Ti and T2 belong to the same 7^, for some (7 G [d\. By Property 18.31 we have Yl,TeT ■^v,T = foi^ every 
V £ B. So we focus on terms Xjj^t, where T £ Tg (i.e., T =fj, Ti). Suppose T =^ Ti, then by definition, 
we have ^bfJ-b' = /Ui/i2 and HcfJ-c' = A'iAi2- Thus, {b,b'} = {c, c'} = {1,2}. As a result. 



Tg = {T,,T2,Ts={^ \,T, 



2 2)'^^-(l 1 

However, due to the presence of a row (1 1), the sum Yla=i l^i,a|^'^a,v = Yla=i l^i,a|^'^a,v = for any 
V £ B as shown above. Therefore, the coefficients X^^Ts , X^^t^ corresponding to T3 and are both 0. 
We make one more observation: 

Observation: We say a matrix T € T is of a Conjugate- Pair form if it is of the form 
For a matrix T in Conjugate-Pair form, the corresponding coefficient X^ t is of the form 



X 



h 
a=l 



which is always non- negative. 



Now the remaining two matrices Ti and T2 in Tg both have this form, so both Xy^T^ and Xy^T2 are 
non-negative. Since X^^Ti + Xy^T2 = 0) both X^,Ti and X^,T2 must be zero. This gives us 

Y Dl^aD2,a>Uv = 0, for all V £ B . 

a6[/il 
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Hence the vector Di^.,, o D2,* -L for all v G B. It follows that the vector Di^,,, o D2,* is expressible 
as a linear combination of Ti*,^ over v G A. By the definition of A, this expression has a constant value 
on entries indexed hy a £ K, where |-Di^a| is a positive constant. Therefore, over K, D2,* is a constant 
multiple of Di^*. This accomplished our goal stated above, which we summarize as 

Claim 8.2. There exists some complex number A, such that -D2,a = ADi^a, for all a £ K . 

Let K2 = {i £ [h] \ Z)2,j 7^ 0}. Note that the A above could be so it is possible that K ^ K2- Our 
next goal is to show that for every v £ A, T-L-^ y takes a constant value on i^2- This means that for all 
V £ A, Tii^v = T~(-j^v, for all i,j £ K2. Without loss of generality, we assume D2,* 7^ since otherwise 
K2 = and everything below regarding D2,* and regarding on K2 are trivially true. 

Toward this end, we will consider the class 



1 2)'^^-\\ 2)'^^-(l 1 



and their corresponding coefficients X^^^i for any v £ A. We will apply the more delicate Part A of the 
Vanishing Lemma on Ri^^ and for an arbitrary v £ A. Our target is to show that 

^ X„,T = ^i,T, for any v £ A. (43) 
TeTg TeTg 

By Property [521 already know that \Ri^v\ = for any sufficiently large n. So in order to apply 

the Vanishing Lemma, we need first to show that terms which have a higher order of magnitude satisfy 

^ X^^T = Y ^1'"^' sl\l<9 <g and v £ A. (44) 



We also need to show that 





(45) 



By definition, any T >^ Ti must satisfy ^blJ-y ^ /^i^2- Thus the first column of T is 

Firstly, consider those matrices T >^ Ti where each row of T has at least one I's. For every v £ A, 
the two inner product factors in (H2]) . namely, Yla=i ■^b,aDc,a'Ha,v, and Yla=i^b',aDc',aT~(-a,v, must be 
actually a sum over a £ K, since Di^^, is zero elsewhere. But for a £ K, Ha,v is just a constant of 
norm 1 (a root of unity), independent of a £ K. Thus 

h h 

Db,aDc,a'Ha,v = CHy ^ Db^aDc^a and ^ Db'^aDc'^a 'Ha,v = ^ Db'^aDc'^a- 
a=l a£K a=l a£K 

Since a^a^ = |a^p = 1, it follows that their product is 

\a=l ) \a=l / \a(^K / VaeE" / 
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which is the same as the coefficient Xi^t corresponding to T for vq = 1 €z A. Thus for all such T, their 
respective contributions to Ri^^ and to Ri^i are the same, for any v £ A. 

Such matrices T >^ Ti with at least one I's in each row include any matrix of the form 

1 c\ /I 1\ /2 1 



1 c'l' \2 I) °' VI 1 



These exhaust all T >^ Ti, and ()44p follows. 

Such matrices T >^ Ti also include Ti and T2 in Tg. So X^^Ti = -'^i,Ti and Xy^T2 = ^i,T2j for any 
V £ A. Now we deal with matrices T3 and T4. We note that the sum of X^^Ts and X^,t4) at any v, is 




/ \a=l / \a=l J XaeK 



Dl,a\"Ha,v ] , (46) 

which is a real number. (j45p then follows. 

Now we can apply Part A of the Vanishing Lemma which gives us (j43p . Because X^^Ti = ^i,Ti and 
Xv^T2 = Xi,T2 , we have 

Xv,T3 + Xy^T4 = Xi^Ts + Xi^Ti = 2- ||Di^*|p||D2,*||^. 

However this is clearly the maximum possible value of (|16]) (By our assumption, ||Di_* |p||D2,* |p > 0). 
The only way the sum in ()46p also achieves this maximum at u G yl is for 7ia,v to take a constant value 
for all a S K2, and TCa^v to take a constant value a„ for all a G K, for some two complex numbers 
ttt, and of norm 1. Moreover, by (j46p . we have 

a„/3„ + o;;/?^ = 2. 

It follows that ay = Thus, 7ia,v is a constant on a £ K U K2 for each v £ A. 
We summarize it as follows: 

Claim 8.3. For every v £ A, there exists a complex number of TiOTTJi 1, such that l^a,v 

= ay for all 

a in K U K2 ■ 

We eventually want to prove K2 = K. Our next goal is to prove that |D2,*P -L for all v £ B. 

Of course if i? = then this is vacously true. We assume -B 7^ 0. 
For this purpose we will examine 

-(^ r 

and the class Tg it belongs to. By Property 18.31 we have 

Xy^T = 0, for any v £ B. 

Thus we will examine T £ Tg, namely, flb^J'b' = fJ-cfJ-c' = /^i- 

Now there might be some other pair (6, b') ^ (2, 2) such that fiblJ-b' = /U2/U2- If such a pair exists, it 
is essentially unique, and is of the form (l,s) or (s, 1), where s > 2. Then Tg consists of precisely the 
following matrices, namely each column must be either 

2) « (0 « (')■ 
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Let's examine such a matrix T 
(1 1) or (1 2) or (2 1). Then, 



b c 
b' d 



in more detail. Suppose T S 7^ has a row that is either 



^^^T" = A,a-Dc,aWa,i,^ {^^Dy ^a^) d ^aUa^ = 0, for any V ^ B. 

This is because the fohowing: The presence of Di^* restricts the sum to a ^ K. By Claim [8T] we know 
that for every v £ B, |Di^^<p ± 7^*,i,. Moreover, on set K, we know from Claim [521 that both vectors 
^1,* ° D2,* and Di^^K o D2,* can be replaced by a constant multiple of the vector |Di^=i,p (the constant 
could be 0), thus also perpendicular to Ti^^v (and to 7i*,i,). 

Now suppose T is a matrix in Tg, and yet it does not have a row which is either (1 1) or (1 2) or 
(2 1). By ([TT]) . it is easy to check that the only cases are 



2 2 
2 2 



1 s 
s 1 



and T2 



s 1 
1 s 



Thus Xy^x* + Xy^Xi + X^^X2 = foi" ^-ll V £ B. However, as noted above, all three matrices T*,Ti and 
T2 have the Conjugate-Pair form, so their contributions 



a=l 



a,v 



a=l 



and 



a=l 



are all non-negative. It follows that all three sums are simultaneously zero. In particular, from X^^t*^ 
we get |D2,*P -L l-L^^ u for all v £ B. 

It follows that the vector |D2,*P is in the span of | v £ A}. This linear combination produces 

a constant value at any entry |-D2,aP> for a G K U K2. This is because each vector for v G ^4 has 
this property by Claim 18.31 

As we assumed D2,* 7^ 0, and D2,* is outside of K2 (by the definition of K2), this constant value 
produced at each entry |-D2,aP for a G K U K2 must be non-zero. In particular, Z)2,a / at a G -fC. It 
follows that K C K2- It also implies that the vector, which is 1 on X U K2 = K2 and elsewhere, is in 
the span of | v £ A}. 

Next we prove that K = K2, by showing that |i^| = |i^2| (since we already know K C K2). Let xk 
denote the /i-dimensional characteristic vector for K, which is 1 for any index a £ K and elsewhere. 
Similarly denote by XK2 the characteristic vector for K2. We know that both vectors xk and XK2 are 
in the linear span of {Ti^^v \ v £ A}. Write xk = 'Yliv&A^^'^*,vi where Xy £ C, then 

h 



by Claim 



a=l aeK 

It follows that \xy\h = \K\ for each v £ A. Thus 



\K\ 



\Xk\ 



El 



Xy\ * 1 1 '7^^ 1; 1 1 I I 



\K\ 

IT 



\A\\K\ 
h 



and it follows that \K\ = h/\A\. Exactly the same argument gives also |i^2| = ^/l^l- Hence l-ftT] = \K2\, 
and K = K2- At this point the statement in Claim [8^2] can be strengthened to 



Claim 8.4. There exists some complex number X, such that D2,* = AD 
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Our final goal is to generalize this proof to all D^^,,,, for ^ = 1,2, ... ,s. We prove this by induction. 
Inductive Hypothesis: For some i >2, all rows Di^,,,, . . . ,D^_i are linearly dependent: 

for some Aj, and 1 < i < i. 

The proof below will mainly follow the proof for the case i = 2 above, except for one crucial argument 
at the end. We presented the special case i = 2 alone for ease of understanding. 

We now prove that D^^^, = • Di^^, for some A^. Clearly we may assume D^^* / 0, for otherwise the 
inductive step is trivial. To start with, we consider the following two matrices 

and the corresponding class Tg they belong to. By Propertv 18.31 we have for every v ^ B, 

^^,T = 0. 

We only need to examine each T G Tg with exactly the same order as that of Ti, T2: fJ.bfJ'b' = Mc/^c' = 
Hi^e- To satisfy this condition, both columns (j^,) and (^,) of T must have entries {1,1} or have both 
entries < £. Clearly, no entry in {b,b' ,c,c'} can be > i. There are two cases now: Case 1: There is a 
row (6 c) or (b' c') (or both) which has both entries < £; Case 2: Both rows have an entry = i. 
In Case 1, at least one of the inner product sums in the following product 

b'a 1^" I 

actually takes place over a € K. This follows from the Inductive Hypothesis. In fact that inner product 
is a constant multiple of YlaeK l^i,aP'^a,f or its conjugate ^ae-R" \^i,a\'^'^a,v which are according to 
Claim EH for all u E 5. 

In Case 2, it is easy to verify that to have the same order fiifn, T must be equal to either Ti or T2. 
Now observe that both Ti and T2 have the Conjugate-Pair form. Therefore, their contributions X^^Ti 
and Xy^T2 &re both non-negative. Since Xy^Ti + Xy^T2 = 0) both of them have to vanish: 

Dl,aDe,aHa^v = 0, and Dl,aD£,a'Ha^v = 0, for all G 5. 

Hence the vector Di^,,, o D^_* _L for all v €z B. It follows that the vector Di^* o D^^* belongs to the 

linear span of {"H*,^ | v G A}. By the definition of A, this expression has a constant value on entries 
indexed hy a £ K. Therefore, on K, D^ ,,, is a constant multiple of Di^*. We summarize this as follows 

Claim 8.5. There exists some complex number X^, such that D^^a = A^ • Di,a) for all a £ K . 

Let = {i £ [r] | D^ i ^ 0}. Next, we prove that for every v £ A, Ti^^ v takes a constant value on 
Ki, i.e., Tii^y = 'Hj^v, for all indices i,j G K^. We had assumed D^^^, / 0, since otherwise the induction 
is completed for I. Then Ki ^ ^. 

To show that 7Y*,t, is a constant on K(^, we consider 
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T,= [[ ^) and T,= (\ \ 



and the class Tg they belong to. We want to apply Part A of the Vanishing Lemma to show that 

TeTg TeTg 

For this purpose, we need to compare the respective terms of the sum (|4ip . for an arbitrary v £ A and 
for the particular = \ £ A. More exactly, we will show that 

TGTg, TeTg, \Terg / \Terg / 

for all u G yl and g' < g. Then (|48p follows from Part A of the Vanishing Lemma. 

To this end, we first consider any matrix T which has an order of magnitude strictly larger than 
that of T3 and T4. We have 

either fibfib' > fJ-ifJ^e, or [fibf^b' = f^ifJ-e and ^cAic' > /"i/^^j • 

The first alternative implies that both b and b' < i. The second alternative implies that c and c' < i. 

In both cases, each row of T has at least one entry < i. By the Inductive Hypothesis, both inner 
products in ([^2]) . namely, X]a=i Db,aDc,aT~(-a,v and Dy ^aDc' ,aT~(-a,v^ must be actually a sum over K 

since Di^^, is zero elsewhere. However for any a G K, Ti.a,v is a constant a„ of norm 1 (a root of unity), 
independent oi a £ K. Thus 

Db,aDc,a'Ha,v = ^ ^b,aDc,a and ^ Db',aDd,a 'Ha,v = Y ^b',aDc',a- 

ae[fi.] a&K ae[h] a&K 

Since a^oi^ = = 1, it follows that their product 



Xv,T = I Yj ^b,aDc,a 1 I ^ Db'^aDc',a 1 

Vaeii' / \ae_fs: / 



which is exactly the same as the coefficient Xi^t for vq = 1 & A. Thus for any T, where each row has 
at least one entry < X^^t = ^i,T) for any v £ A. This includes all matrices T >^ T3 (as well as some 
matrices T =^ T3 G Tg), and the first part of (^91) follows. 

Now we consider any matrix T G Tg. If each row of T has at least one entry < I, then by the proof 
above, we know X^^t = Xi^t for any v £ A. Suppose T £ Tg does not have this property. Then each 
column of such a matrix must consist of {!,£}. We have four such matrices: Ti,T2,T3 and T4. But the 
former two matrices already belong to the case covered above. So we have 

Y ^v,T - Y ^1'^ ^ ^^'^3 + ^v,T4 - iXi,T3 + ^1,74) , for any v G A. 
TeTg TeTg 

Now to the matrices T3, r4 themselves. We note that the sum of their coefficients Xy^Ts + Xy^Xi is 
(Y \Di,afna,}\ (y l^^.al'^l + (Y \De,afna,v\ 1^1,^1'^) , at any v e A. (50) 

\aeK ) \a=\ ) \a=\ ) \aeK J 
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This is a real number, and the second part of (j49p follows. 

Now we can apply Part A of the Vanishing Lemma to conclude that 



X^^Tg + Xy^Ti = Xi^Ta +Xi^T4 = 2 • ||Di,^,|p||D<?_*|p, for any v e A. 

This is the maximum possible value of (j50p . By our assumption ||Di^=k pUD^ |p > 0. The only way the 
sum in (j50p also achieves this maximum at u G ^ is for 7ia,v to take a constant value 7^, for all a £ Ki, 
(and we already know that TCa^v takes a constant value a„ for all a £ K), where and 7^, are of norm 
1. Moreover, by (j^Uj) . we have 

ctvl^ + a^7t) = 2- 

It follows that ay = 'jv Thus Ti*,^ is a constant on K U for each v £ A. We summarize it as 
Claim 8.6. For every v £ A, there exists a complex number of TioTTfi 1^ such that l~Cv^a 

= a„ for all 

ae KUKi. 

Our next goal is to show that |D£^,,p _L Ti^ y for all v £ B. Of course if i? = then this is vacously 
true. We assume 5 7^ 0. For this purpose, we examine 

I A 

and the class Tg it belongs to. By Property 18.31 we have X^TeTg Xv,t = for any v £ B, and our target 
is to show that Xy^T* = 0. To prove this, we need to examine terms X^^t for all T =^ T* £ Tg. 

It is now possible to have a number of pairs, (ai, 61), (02, 62), • • • 1 (ofc, bk), for some A: > 0, such that 
IJ-OifJ-bi = /^f , for 1 < z < /c. (When £ = 2, such a pair, if it exists, is essentially unique, but for ^ > 2 
there could be many such pairs. This is a complication for i > 2). For every matrix T £ Tg, it must 
have each column chosen from either (^) or one of the pairs (^') or {j)- Note that if such pairs do not 
exist, i.e., k = 0, then Tg = {T*} and we have 

Xy,T* = \De,a\'^na,v^ \De,a\'^n;^^ =0, at any E 

The following proof is to show that even when such pairs exist {k > 1), we still have X„,t* = 0. For 
this purpose, we show that X^Tg^-^ j^^rp^. X^^t > 0. 

Suppose k > 1. We may assume Ui < i < bi, for all i £ [k]. Let's examine all the matrices T £ Tg 
other than T* . If T has at least one row, say (6 c), with max{6, c} < i and min{6, c} < i, then by the 
Inductive Hypothesis and Claim [531 the corresponding inner product actually takes place over K. In 
fact, the inner product is a constant multiple of the projection of |Di on either ^ or 7Y*^t). But 
we already know that this projection is zero for all v £ B. 

For the remaining T where both rows satisfy [max{6, c} > £ or mm{b, c} > i], \iT ^ T* then one 
of its two columns 7^ (^), and one entry of this column is Oi < i, for some i G [A;]. It then follows that 
the other entry in the same row as Oi must be bj > I, for some j £ [k]. As a result, the only matrices 
remaining are of the form 

^•'1 or ( ^* ^■'1 , for some 1 < i, j < k. 
bi ajj \ai bj) ' - - 

We consider the first type | ^■^ | . The total contribution of these matrices is 

\bi ajj 
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k / h \ / ^ \ 

I '^Dai^aDbj,a'Ha,v 1 I Db^,a'Da.^a' 'Ha',v 1 

ij=l \a=l J \a'=l J 

ij=l \a=l / \a'=l / 
fc h 

y^ ^ajDi^aDbj,aHa,v ■ '^aiDbi,a'Di^a' Ha' ,v 
i,j=l a,a'=l 



h 



''^ Di^a'H.a,v j y^ -Df,^,a 



a=l 



y^ Dl^a' T-ia',v ^K,Dbi,a 



.a'=l 



a=l 



> 0. 



Here in the first equality we used the Inductive Hypothesis for Oj, Uj < L 
The argument for the second type of matrices is symmetric. 

Note also that the matrix T* has the Conjugate-Pair form, and therefore its contribution X^^t* at 
any u S -B is also non-genative. Then it follows from X^yg^-^ X-^^t = (Property 18. Sh that X-u^t* must 
be zero. Hence 

h 



y^ \Dl^a\^Ha,v 



0, for all V £ B. 



a=l 

This means that |D^^=Kp ± "W*,^ for all t> £ and thus, jD^^^Kp is in the linear span of {Ti*,^, | v S A}. 
Now by exactly the same argument as for I = 2 we obtain K = K^. We summarize as follows 

Claim 8.7. There exists some complex number X^, such that D^ ,,, = Xi ■ Di 

This completes the proof by induction that D has rank at most one. 



8.5 Step 2.4 

After Step 2.3, we get a pair (C,S)) that satisfies conditions {Shapei)-{ShapeQ). By {Shape2), we have 

n - ^\ - f M®H\ 

^ " VF^ Oyl ~ V(M H)^ J' 

where M is an s x t matrix of rank 1: Mij = fiiUj, and H is the h x h matrix defined in (Siiape2). By 
(Shape^) and {Shapee), we have 

where s, l[q^n and ^) are all diagonal matrices. 
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Moreover, every entry in L'^I either is or has norm 1, and is the 2h x 2h identity matrix. 

Using these matrices, we define two new pairs {C',R) and (C",£), which give rise to two problems 
EVAL(C', j?) and EVAL(C",£): First, C is the bipartisation of M, so it is {s + t) x {s + t); and is a 
sequence of N diagonal matrices of the same size: {KM, . . . , Second, C" is the bipartisation 

of H, so it is 2h x 2h; and £ is a sequence of N diagonal matrices: {L'^I, . . . , L^-'^"^!}. The following 
lemma shows that EVAL(C,S)) has the same complexity as EVAL(C",£). 

Lemma 8.10. EVAL(C,D) = EVAL(C",£). 

Proof. Let G be a connected undirected graph and u* be one of its vertices, then by Lemma 12.21 and 
Lemma [2?3| we have Zc,d{G) = Z^^{G,u*) + Z^^{G,u*), 



^c.DiG^v*) — Z^,j^{G,u*) ■ Z^„j^{G,u*), and Z^,j-,{G,u*) — Z^,j^{G,u*) ■ Z^„^q{G, 



u 



Because M is of rank 1, both Z^, ^ and Zq, ^ can be computed in polynomial time. We only prove for 
Z^, ^ here: If G is not bipartite, then Z^, ^{G, u*) is trivially 0; Otherwise let U UV be the vertex set 
of G, u* G U, and every edge uv £ E has one vertex u from U and one vertex v from V. We use H to 
denote the set of assignments ^ which maps U to [s] and V to [t]. Then we have (note that we use KM 
to denote kI'^ "^"^ ^\ for any r > N) 

zBAG,un = E f n /^.(«) • -c(^) ) ( n <i5)' ) ( n <is? 



which can be computed in polynomial time. 

Moreover, because pair (C",£) satisfies (Pinning), by the Second Pinning Lemma (Lemma l4.2p . the 
problem of computing Z^„ ^ and Z^„ ^ is reducible to EVAL(C",£). It then follows that 

EVAL(C,S)) < EVAL(C",i:). 

We now prove the reverse direction. First note that, by the Third Pinning Lemma (Corollarv l8.2p . 
computing Z^^ and Z^^ is reducible to EVAL(C,2)). However, this does not finish the proof since 
^C' Si ^C' (?) could be at (G,u*). To deal with this case, we prove the following claim: 

Claim 8.8. Given any connected bipartite graph G = (U U V, E) and u* G U , either we can construct 
a new connected bipartite graph G' = {U' U V',E') in polynomial time such that u* G U G U' , 

^C",£(G',n*) = /il^u^l • Zc,, (51) 

and Z^i ^{G' , u*) ^ 0; or we can show that Z^„ ^(G, n*) = 0. 

It is clear that Claim [STSl gives us a polynomial-time reduction from Z^„ ^ to Z^^. One can prove 
a similar claim for Z^, and Lemma |8. lUI follows. We now prove Claim ESI 

For every u gU (and ?; G 1/), we let r„ (and r„) denote its degree in graph G. To construct G', we 
need an integer 1^ G [s] for every u G U, and an integer iy G [t] for every v £ V, such that 

^ ^..A^+.„ . 0, and (^2) 

«e[s] ie[t] 
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Assume there exists a u £ U such that no £u S [s] satisfies ([52]) . In this case, note that the s equations 
for iu = 1, . . . ,s form a Vandermonde system since /ii>...>/Xs>0. As a result, we have 

by (Shapee). It fohows that Z^„ ^{G,u*) = 0, and we are done. Similarly, we have Z^„ ^{G,u*) = if 
there exists a v £ V such that no G [t] satisfies (f52]) . 

Otherwise, suppose there exist an G [s\ for every u £ and an £y G [t] for every G T^, which 
satisfy ([52|) . We construct a bipartite graph G' = {U' U V',E') as follows: First, 

U' = UUV, and = F U C/, where i/ = {v|t;Gy} and U = {u\uGU}. 

Edge set £" contains E over ?7 U and the following edges: iuN parallel edges between u and u, for 
every u £ U; and ^^A'" parallel edges between v and v, for every t; G F. 

It is clear that G' is a connected and bipartite graph. The degree of u £ U {or v £ V) is + iuN 
(or + ivN), and the degree of u (or ?;) is iuN (or IvN). We now use C to prove Claim [8^ 

First, Z^, ^(G',u*) is equal to (the summation is over all ^ that maps U' to [s] and to [t]) 

E f n n n ^^s,.)) (n <j(.„<'.(»») (n <j,.,)<e(»„) 
= n fE''f'"*'"-Kfci) n (e -"ti,) n fE".'""-"-!?.,) n fE^-f-'-^sii) 

It is non-zero: the first two factors are non-zero because of the way we picked iu and l^; the latter two 
factors are non-zero because > 0, and by (Siiapeg), every entry of Kt*^' is a positive integer. 

The only thing left is to prove (j51|) . We let rj be any assignment over U DV, which maps U to [s] 
and V to [t]. Given rj, we let E denote the set of assignments (, over U' U V which map U' to [s], V to 
[t], and satisfies ^(u) = "?/(«), ^(w) = ^^(f) for all u G C/ and v £ V. We have 



5eH gGH \uveE u&U v&V 



£,{v),ri{v)) 



^ n ^(o!i(«))^(U(S)) n ^(l!i(t;))^(0,5(?)) 

\ueu / \v€V / 

= J^wtc",£(r/) = /I'^^^l •wtc",£(??). 

The second equation uses the fact that every entry of H is a power of ujn (thus (Hij)^ = 1) and LM 
is the identity matrix. ()5ip then follows. □ 



8.6 Step 2.5 

We are almost done with Step 2. The only conditions (^i)'s that are possibly violated by (C",£) are 
{Ui) {N might be odd), and {U2) (-f^i.i and Hij might not be 1). We deal with {U2) first. 

What we will do below is to normalize H (in C") so that it becomes a discrete unitary matrix for 
some positive integer M that divides N, while not changing the complexity of EVAL(C",£). 
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First, without loss of generality, we may assume H satisfies Hi i = 1 since otherwise, we can divide 
H with Hi^i, which does not affect the complexity of EVAL(C",£). Second, we construct the following 
pair (X, 2}): X is the bipartisation of an h x h matrix over C, whose entry is 

Hij ■ HijHi^i, for all i,j £ [h]; 

and 2) = {Y^, Yt^^"*^!} is a sequence of 2h x 2h diagonal matrices: Y^'^l is the identity matrix; Let 

5 = {^e[0:iV_l]|L;;1^^^0} and T = {r G [0 : iV - 1] | L^^^ / 0}, 

then 

YjJ^) = 0, for ah r ^ S; and Yjl'^^ = 0, for all r^T. 
For every r £ S (and r £ T), by (Siiapeg), there must exist an G [h] (and G [h], resp.) such that 

^{o!a.) = 1 (and L^^^) = 1, resp.) . 

Set 

^m=^m-{-§^J^ foran.GW; ^S) = 4'.) " (^) ^ ^or all j £ [h]. 

We show that EVAL(C",i;) = EVAL(X,2)). 

First, we prove that EVAL(X,2)) < EVAL(C",£). Let G = {UUV,E) he a connected undirected 
graph and u* be a vertex in U. For every r £ S (and r £ T), we use Ur (and Vr C. V, resp.) to 
denote the subset of vertices with degree r mod A^. It is clear that if C/^ 7^ for some r ^ 5 or if 7^ 
for some r ^T, both Z^„ ^(G, n*) and Z^^{G,u*) are trivially zero. Otherwise, we have 

\res / Vrer / 

So the problem of computing 2) reducible to computing Z^„ ^. By combining it with the Second 
Pinning Lemma (Lemma 14. 2p . we know that computing ^x<g is reducible to EVAL(C",£). A similar 
statement can be proved for 2)' follows that 

EVAL(X,2)) < EVAL(C",£). 

The other direction, EVAL(C",£) < EVAL(X,2)), can be proved similarly. 

One can check that (X, 2)) satisfies {Ui)-{Ui) except that might be odd. In particular the upper- 
right h X h block of X is an M-discrete unitary matrix for some positive integer M \ N; and 2) satisfies 
both (^3) and (Z//4) (which follow from the fact that every entry of H is a power of ujn). 

If is even then we are done with Step 2; otherwise we extend 2) to be 

23' = { yM , . . . , yI^^^i , y[^i , . . . , y[2^"^] }, 

where YM = yI^"^!, for ah r G [iV : 2iV - 1]. We have EVAL(X,2)) = EVAL(X,2)')> since 

Zx,sg(G) = Zx,2)'(G), for all undirected graphs G, 
and the new tuple ((M, 2A^), X, 2)') now satisfies conditions {Ui)-{Ui). 
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u 




Figure 5: The gadget for p = 1 (Note that the subscript e is suppressed). 



9 Proofs of Theorem 15.31 and Theorem 15.4 

Let ((M, N), C, D) be a tuple that satisfies {Ui)-{Ui) and F G C^>^'^ be the upper-right block of C. In 
this section, we index the rows and columns of an n x n matrix with [0 : n — 1]. 

9.1 The Group Condition 

We first prove that either F satisfies the following condition or EVAL(C,S)) is #P-hard: 

Lemma 9.1. Let {{M, N),C,D) be a tuple that satisfies (JAi)-(JAi), then either F satisfies the following 
group condition {GC): 

1. (row-^C); \/i,j£ [0 : m — 1], 3k £ [0 : m — 1] such that Fk^* = Fj_* o Fj_*; 

2. (column-^C); M i^j £ [0 : m — 1], 3 /c G [0 : m — 1] such that F^^k = ° 
or EVAL(C,D) is #P-hard. 

Proof. Suppose EVAL(C,2)) is not #P-hard. 

Let G = {V,E) be an undirected graph. For every integer p > 1, we construct a new graph by 
replacing every edge uv £ E with a gadget. The gadget for p = 1 is shown in Figure [5l 

More exactly, we define = as 



=VU {ae,be,Ce,l, . . .,Ce,p,de,l, ■ ■ .,de,p \ 6 G E] , 



and £'[^1 contains exactly the following edges: For each e = uv £ E, and for every 1 < i < p, 



1. One edge between {u,Ce,i), (ce,i,6e), {de,i,ae), and {de,i,v); 



2. N -1 edges between {ce,i,v), {ce,i,ae), {de,i,be), and {de,i,u). 
It is easy to check that the degree of every vertex in is a multiple oi N, so 



Zc,i,(gW) = Zc(gW), 



since D satisfies (U^). On the other hand, the way we build gives us, for every p > 1, a symmetric 
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matrix A^^l G ^2mx2m -^j^jg}^ only depends on C, such that 

Zaw(G) = Zc(GW) = Zc,3(GW), for all G. 

As a result, we have EVAL(AW) < EVAL(C,D) and thus, EVAL(AW) is not #P-hard for all p>l. 
The (ijjy^ entry of A'^'I, where i,j G [0 : 2m — 1], is 



[p] 



2m-12m-l /2m-l \P /2m-l 

I Ci^cCa,cCb,cCj^c 1 I ^ ^ Ci^iiCa^dCb,dCj^a 

a=0 6=0 \ c=0 / \ d=0 

2m-12m-l 2™-! 2p 

E E 

a=0 6=0 c=0 



To derive the first equation, we use the fact that M\N and thus, e.g., (Ca^c)^ ^ = Ca^c since Ca^c is a 
power of ujm- Note that AI^I is a symmetric non-negative matrix. Furthermore, it is easy to check that 



Af] = 0, Vi G [0 : m - 1], Vj G [m, 2m - 1]; and Af\ = 0, Vi G [m, 2m - 1], Vj G [0 : m - 1]. 



For j G [0 : m — 1], we have 



A 



[p] 



m— 1 m— 1 



|2p 



[P] 

i+m,j+m 



a=0 b=0 

m— 1 m— 1 



^ ^ |(F,,, oF*j,F,,aoF,,, 



and 



|2p 



(54) 



a=0 6=0 



It is clear that all these entries are positive real numbers (by taking a = i and b = j). Now let us focus 
on the upper-left m x m block of A'^I. Since it is a non-negative symmetric matrix, we can apply the 
dichotomy theorem of Bulatov and Grohe. 

On the one hand, for the special case when j = z G [0 : m — 1], we have 



A, 



[p] 



m—l m— 1 



m— 1 m— 1 
2p \ ^ \ ^ I /-^ \ 1 2p 



a=0 6=0 



a=0 6=0 



As F is a discrete unitary matrix, we have A, 



[p] 

i,i 



m ■ m 



"^P. On the other hand, assuming EVAL(C,S) 



is not ^P-hard, then by using Bulatov and Grohe's dichotomy theorem (Corollary I2.ip . we have 
aIpI.A^ = A^.A^ = (Af}f, for ah ^ / J G [0 : m - 1], 

and thus Afj = m^P+^ for all j G [0 : m — 1]. 

Now we use this condition to show that F satisfies (row-^C). We introduce the following notation: 
For i, j G [0 : m — 1], let 



= {KFi,,oFj-„F„,, oFfc,,)! I a,6G [0:m-l]} 



Clearly set Xij is finite for all with cardinality \Xij\ < rm?. Each x G Xi^j satisfies < x < m. For 
each X G -^ij, we let Si^j{x) denote the number of pairs (a, 6) G [0 : m — 1] x [0 : m — 1] such that 



|(Fi,* o Fj-*,Fa,* o ¥b,*) \ = X. 
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We can now rewrite A[j as 

E ^^A^)■^''^ (55) 

and is equal to rn^'^^^ for all p > 1. Also note that Sij{x), for all x G Xij, do not depend on p, and 

Si,j{x) = m^. (56) 

We can view (j55p and (|56p as a linear system of equations in the unknowns Sij{x). Fix then there 
are many variables Sij{x), one for each distinct value x € Xij. Equations in (|55|) are indexed 

by p > 1. If we choose (|56p and (j55p for p = 1, . . . , — 1, this linear system has an \Xij\ x 
Vandermonde matrix ((j;^)^), with row index p and column index x G ^ij'- It has full rank. Note that 
by setting (a, b) = and {i' where i' ^ i, respectively, we get m £ Xij and G Xij, respectively. 
Moreover, Sij(O) = m? — m, Si,j{m) = m, and all other Sij{x) = is a solution to the linear system. 
Therefore this must be the unique solution. As a result, we have Xij = {0,m}, 

Sij{m) = m and Sij{0) = rr? — m, for all i,j(z [0 : m — 1]. 

This implies that for all i,j,a,b £ [0 : m — 1], |(Fj^=|, o Fj^^:,Fa^* o ^b,*)\ is either m or 0. 
Finally, we prove (row-^C). Set j = 0. Because Fq,* = 1, the all-1 vector, we have 

|(Fi,,ol,F„,, oF^)| = \ {Fi,,oFb,,,Fa,,) \ e {0,m}, for all i,a,be [0 :m - 1]. 

As {Fa^*, a G [0 : m — 1]} is an orthogonal basis, where each ||Fa,*|p = m, by Parseval, we have 

^ |(Fi,, o Ffe,,,Fa,*)|^ = m • ||Fi,, o Fb,,f . 

a 

Since every entry of Fj^^, o F^^^, is a root of unity, ||Fj^* o F^ .^Ip = m. Hence 

a 

As a result, for alH,6 G [0 : m — 1], there exists a unique a such that |(Fj_^, o F^^^, , F^^^, ) | = m. 

By property {U2), every entry of Fi^^,, Fb^^:, and Fa,* is a root of unity. The inner product (Fj,* o 
Ffe,*, Fa,*) is a sum of m terms each of complex norm 1. To sum to a complex number of norm m, each 
term must be a complex number of unit norm with the same argument, i.e., they are the same complex 
number e*^. Thus, Fj,* o F^,* = e*^ • F^,*. We assert that in fact e*^ = 1, and Fj,* o Fb,* = F^,*. This is 
because Fj,i = Fa,i = F^^i = 1. This proves the group condition (row-^C). 

One can prove (column-^C) similarly using (j54p and the lower-right m x m block of AW. □ 

We prove the following property concerning discrete unitary matrices that satisfy (GC): (Given an 
nxn matrix A, we let denote the set of its row vectors {Aj,*}, and A'~" denote the set of its column 
vectors {A* ,,■}. For general matrices, it is possible that |^^|, |^^| < n, since A might have duplicate 
rows or columns. However, if A is M-discrete unitary, then it is clear that |^^| = \A'^'\ = n.) 

Property 9.1. Let A G C"^" be an M-discrete unitary matrix that satisfies (GC). Then both A^ and 
A^ are finite Abelian groups (of order n) under the Hadamard product. 
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Proof. The Hadamard product o gives a binary operation on both and A'-'' . The group condition 
{GC) states that both sets A^ and A'-^ are closed under this operation, and it is clearly associative and 
commutative. Being discrete unitary, the all-1 vector 1 belongs to both A^ and A'-' , and serves as the 
identity element. This operation also satisfies the cancelation law: iixoy = xoz then y = z. From 
general group theory, a finite set with these properties already forms a group. But here we can be more 
specific about the inverse of an element. For each Aj^*, the inverse should clearly be Aj^,,,. By (GC), 
there exists a A; G [0 : m — 1] such that A^^^, = (Aj^^,)^^^-'^ = Aj^^,. The second equation is because Aij, 
for all j, is a power of ljm- d 



9.2 Proof of Theorem [O 

In this section, we prove Theorem 15.31 Suppose EVAL(C,S)) is not #P-hard (otherwise we are already 
done), then by Lemma WA] ((M, A^), C, S) satisfies not only {l/(i)-{Ui), but also (GC). Let us fix r to be 
any index in [N — 1]. We will prove (U^) for D^^ where i G [m : 2m — 1]. The proof for the first half of 
DI''] is similar. For simplicity, we let D be the m-dimensional vector such that 

A = ^I^Vf foralHG [0:m-l]. 

We also need the following notation: Let K = {i [0 : m — I] \ Di ^ 0}. 

If \K\ = 0, then there is nothing to prove; If \K\ = 1, then by (Z^s), the only non-zero entry in D 
must be 1. So we assume \K\ > 2. 

We claim that Di, for every i £ K, must be a root of unity otherwise problem EVAL(C,2)) is ^^P- 
hard, which contradicts the assumption. Actually, the lemma below shows that, such a claim is all we 
need to prove Theorem | 



Lemma 9.2. If D £ (J(uJi\i) is a root of unity, then D must be a power of lom- 

We delay the proof to the end of the section. Now we use it to show that every Dj, i G is a root 
of unity. Suppose for a contradiction that this is not true. We start by proving the following lemma 
about Z = (Zq, . . . , Zm-i), where Zi = {Di)^ for all i\ 

Lemma 9.3. Assume there exists some k £ K such that Zk is not a root of unity, then there exists an 
infinite integer sequence {Pn} such that, when n oo, the vector sequence ((Z^)^" : k G K) approaches 
to, but never equals to, the all-one vector of dimension \K\. 

Proof. Since Z^, for k £ K, has norm 1, there exists a real number 9^ G [0, 1) such that, Z^ = e^'^*^'=. 
We will treat 9^ as a number in the Z-module M mod i; i-e., real numbers modulo 1. By the assumption 
we know that at least one of the 9k s, k £ K, is irrational. 

This lemma follows from the well-known Dirichlet's Box Principle. For completeness, we include a 
proof here. Clearly, for any positive integer P, ((Z^)-^ : k G K) does not equal to the all-one vector of 
dimension \K\; Otherwise, every 9k is rational, contradicting the assumption. 

Let n* = n'^l + 1, for some positive integer n > 1. We consider {L ■ 9^ : k £ K) for all L G [n*]. We 
divide the unit cube [0, l)'^' into n* — 1 sub-cubes of the following form 



ai oi + 1 

■ X 

n n 



0-\K\ 0,\K\ + 1 



n n 



where Ok G {0, . . . , n — 1} for all A; G \K\. By cardinality, there exist L ^ L' £ [n*] such that 

(L • 9k mod l:k£K) and (L' • 9k mod I : k £ K) 
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bj b ^ 

Figure 6: The gadget for p = 1 (Note that the subscript e is suppressed). 

fah in the same sub-cube. Assume L > L', then by setting Pn = L — L' > 1, we have 

\Pn ■ Ok mod l| = \(L - L') ■ 9k mod l| < -, for all keK. 

' n 

It is clear that by repeating the procedure for every n, we get an infinite sequence {Pn} such that 

approaches to, but never equals to, the all-one vector of dimension \K\. □ 

Let G = {V,E) be an undirected graph. Then for each p > 1, we build a graph G^^^ by replacing 
every edge e = uv € E with a gadget which is shown in Figure [6l Recall that r G [A^ — 1] is fixed. 
More exactly, we define = as follows: 

= VU {ae,be,i,Ce,ij,a^,b'^^i,c^^ij \ ee E,i e [pN],j e [r]}, 

and E^'P^ contains the following edges: For each edge e = uv £ E, 

1. One edge between (u, Og) and {v,a'^); 

2. N — 1 edges between (oe,f) and (u, a'g); 

3. One edge between {ce^ij,be,i) and (c'^ i j , b'^ i) , for all i £ [pN] and j £ [r]; 
4:. N — 1 edges between {ae,Ce^ij) and {a'^^c'^i j), for all i G [pN] and j G [r]. 

It is easy to check that the degree of every vertex in is a multiple of N except 6e,i and b'^ ■, which 
have degree r mod A^. 

As the gadget is symmetric, the construction gives us a symmetric 2m x 2m matrix A^pI such that 
Za[pi(G) = Zc,s,(GW), for any undirected graph G, 
and thus, EVAL(AW) < EVAL(C,D), and EVAL(AW) is also not #P-hard. 
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The entries of A^^l are as follows: First, for all u, u G [0 : m — 1], 



The entries in the upper-left m x m block of are 



\a^[0:m~l] 



m+b 

,fe6[0:m-l] \ce[0:m-l] 



ae[0:m-l] \fee[0:m-l] \c6[0:m-l] 



for all u, f G [0 : m — 1]. Since F is discrete unitary, 

Fc,bFc,a = (F=K^b, F4,^a) = 0, 

c6[0:m-l] 

unless a = b. As a result, the equation can be simplified to be 

^u}v = • ( E ) ( E {DkY''F\:^kF,,k ) , for all w, G [0 : m - 1]. 

where Lp is a positive constant that is independent of u and v. 

Assume for a contradiction that not all the Dfc's, k £ K, are roots of unity, then by Lemma 19.31 we 
know there exists a sequence {Pn} such that {{Dk)^^" : k G iC) approaches to, but never equals to, the 
all-1 vector of dimension \K\, when n oo. Besides, by (U^) we know there exists an i € K such that 
Di = 1. Now consider G^^"'^ with parameter p = Pn from this sequence. We have 



\k£K 



for any n G [0 : m — 1] . 



We let Tn denote the second factor on the right-hand side, then |T„| could be arbitrarily close to \K\'^ 
if we choose n large enough. By using the dichotomy theorem of Bulatov and Grhoe (and Lemma l7.4p 
together with the assumption that problem EVAL(A[^"]) is not #P-hard, we know the norm of every 
entry of A^^"! in its upper-left block is either or Lp^ ■ |r„|. 

Now we focus on the first row by fixing u = 0. Since Fq * = 1, we have 



for any v £ [0 : m — 1] . 



By Property [9H F^ = {F^,,} is a group under the Hadamard product. We let 

S = {v e [0 :m- l]\y i,j eK, F^^i = F^j}, 



and denote {F^ : v £ S} hy F^ , Then it is clear that F^ is a subgroup of F^. Also note that, G 
since Fq * is the all-one vector of dimension m. 
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\p ] [PI 

For any v ^ S, when n is sufficiently large, we have I^q^, | < l^i i \- This is because when n oo, 



\K\^ but 



\kGK / \k&K / \keK ) \keK J 



which has norm strictly smaller than (since v ^ S). So when n is sufficiently large, ^[/^' must be 
for all V ^ S. We denote {{Dk)^^^ : A; G [0 : m — 1]) by D"-, then for v ^ S and sufficiently large n, 



either (D",F„,,)=0 or (D",F^,*)=0. (57) 

Next, we focus on the characteristic vector x (of dimension m) K: Xk = ^ k £ K and Xk = 
elsewhere. By ()57p and the definition of S, we have 

(X,F^,*>=0, for all?; ^5 and F^,*)| = for all ?; G 5. (58) 

To prove the first equation, we note that by Eg. (|57p. either there is an infinite subsequence {D"} that 
satisfies (D",F^^=k) = or there is an infinite subsequence that satisfies (D"',F^^^,) = 0. Since D"' — > x 
when n oo, we have either (x^'^v,*) or (x,F„^=k). The second case still gives us (x^^v,*) = since x 
is real. The second equation in (j58p follows directly from the definition of S. As a result, we have 



Now we assume the expression of vector D", under the orthogonal basis {F^^,,,}, is 

m— 1 ^ 

D" = V Xi,„Fi.*, where Xi,„ = — (D'',Fi,*). 



1=0 



If for some n we have Xi^n = for all i ^ S, then we are done because by the definition of S, every Fj^*, 
i G S*, is a constant over K and thus, the vector is a constant over K. Since we know there exists 
an i £ K such that Di = 1, every Dj, j G K, must be a root of unity. 

Suppose this is not the case. Then (here consider those sufficiently large n so that (f57ll holds) 



X = D" o D" = (^Y^Xi^nFi,^ o ^^3;j,„Fj-*j = ^yi,,nF^,=^, where yy^n = ^ 



Fi,,oFj,,=F„,, 

The last equation uses the fact that is a group under the Hadamard product (so for any i,j there 
exists a unique v such that F^,^.,, = Fi^^ o Fj^*). 

Since the Fourier expansion of x under {F^,^.,,} is unique, we have yy^n = 0, for any v ^ S. Because 
X, by ()58p . we know that when n oo, for any i ^ S, can be arbitrarily close to 0, while 
\xi^n\ can be arbitrarily close to \K\/m, for any i £ S. So there exists a sufficiently large n such that 



n\ < — — ^-1-^5 for all i ^ S, and Ixj „| > — — for all i £ S. 
5m^ ' 0771 



We pick such an n and will use it to reach a contradiction. Since we assumed that for any n (which is 
of course also true for this particular n we picked here), there exists at least one index i ^ S such that 
Xi,n 7^ 0, we can choose a w ^ S that maximizes among all i ^ S. Clearly, \xw,n\ is positive. 
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We consider the expression of y^, using Xi^Yi' ^Ve divide the summation into two parts; the fnain 
terms Xi^rixJ^ in which either i £ S or j £ S and the remaining terms in which i,j ^ S (note that if 
Fto,* = Fj^^K o Fj_*, then i and j cannot be both in 5. Otherwise, since is a subgroup, we have w £ S 
which contradicts the assumption that w £ S.) 



The main terms of = ^ ^(D", F^,, o F^- (D", F^- + ^^.*) (^""^ ° 



j€S i&S 



Note that xo,n = (l/'n')(D", Fq,*) and Fq,* = 1. Also note that (by the definition of S), when j £ S, 
Fj,k = cej for all k £ K, for some complex number aj of norm 1. Since D" is only non-zero on K, 



(D",F^,, oFj,,)(D",Fj>) = (D",ajF^,,)(D",ajl) = mx^-(D",F^,,) 
Similarly, we can simplify the other sum so that 

The main terms of = — (xo^{D'^ ,F^^^,) + xo,n(D", F^,*) 



m 



By dSZD we have either (D",F^,4 or (D", F-u) *) is 0. But since we assumed that x^j n — 

the latter has to be 0. Therefore, the main terms of yw,n equal to xo^x^^„|5'|- Since G S", we have 



\s\ 



^ 4|K||S| , 
> — = 



Now we consider the remaining terms. Below we show that the sum of all these terms cannot have 
a norm as large as |^co^Xt„^„|5| | and thus, is non-zero and we get a contradiction. To prove this, it 
is easy to check that the number of remaining terms is at most m, and the norm of each of them is 

I I ,| ,2 4|i^||5|,^ , 



since i,j ^ 5. So the norm of their sum is < ^^^jj'^^ |a^w,n|- This finishes the proof of Theorem 

Proof of Lemma \9.^ Assume D = uj'^^, for some positive integers k and M with gcd(A;,M) = 1. Since 
D £ Q{uj]\f), we have oj^^ £ Q{u>n). By gcd(A;,M) = 1, we have ujm £ Q{^n) and 

Q(cJAr) = Q(cJiv,CJA/) = Q(wicm{M,Af))- 

The field degree extension is [Q(ciJAr) : Q] = 0(A^), the Euler function [14J. 

When N \ N', and (j){N) = (j)(N'), by expanding according to the prime factorization for (p, we can 
get (and indeed this is all there is to be had) that if N is even, then A^' = N; ii N is odd, then N' = N 
or N' = 2N . Since by {lAi) N is even, we have lcm(M, N) = N, M \ N, and L> is a power of wjy. □ 



9.3 Decomposing F into Fourier Matrices 

Assume that {{M, N),C,D) satisfies not only conditions {Ui)-{Ll^) but also the group condition (^C); 
since otherwise EVAL(C,5)) is #P-hard. 

To prove a decomposition for F (recall that F is the upper-right m x m block matrix of C) we first 
show that M = pq and gcd(p, q) = 1, then up to a permutation of rows and columns, F must be the 
tensor product of two smaller matrices, both of which are discrete unitary and satisfy (GC). Note that 
p, q here are not necessarily primes or prime powers. 
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Lemma 9.4. Let F G (j^nixm M -discrete unitary matrix that satisfies (GC). Moreover, M = pq, 

p,q > 1 and gcd(p, q) = 1. Then there exist two permutations H, S : [0 : m — 1] ^ [0 : m — 1] such that 

Fn,s = F'(g) F", 

where F' is p-discrete unitary, F" is q-discrete unitary, and both of them satisfy (GC). 

Proof. By Property 19.11 both and F'-' are finite Abelian groups. Since F is M-discrete unitary, the 
order of any vector in F^ and F^ is a divisor of M. 

By the fundamental theorem of Abelian groups, there is a group isomorphism 

P: F^ ^Zg^X ■■■ XZg^= Zg, 

where gi, . . . ,gfi are prime powers, and gi \ M for ah i. As gcd(j),q) = 1, without loss of generality, we 
may assume there exists an integer h' such that g^ \ p for all i G [h'] and gi \ q for all other i. 
We use p^^ to define the following two subsets of F^: 

SP = {p"^(x) I X G Zg, = for ah i > h'} and 5^ = {p"^(x) | x G Zg, = for all i < h'}. 
Then it is easy to show the following four properties: 

1. Both and S"^ are subgroups of F^; 

2. SP = {uG F^ I (u)P = 1} and = {v E F« | (v)? = 1}; 

3. Let m' = \SP\, m" = \S'^\, then m = m' ■ m" , gcd(m',g) = 1, gcd(m",p) = 1, gcd(m',m") = 1; 

4. (u,v)i— >uovisa group isomorphism from SP © S"^ onto F^. 

Let SP = {uq = l,ui, . . . ,Um'-i} and S'^ = {vq = 1, vi, . . . , Vm//_i}. Then by 4) there is a one-to-one 
correspondence f : i f2{i)) from [0 : m — 1] to [0 : m' — 1] x [0 : m" — 1] such that 

Fj,* = uj^(j) o vj2(j), for ah i G [0 : m - 1]. (59) 

Next we apply the fundamental theorem to F^ . We use the group isomorphism, in the same way, 
to define two subgroups TP and T'^ with four corresponding properties: 

1. Both TP and T'^ are subgroups of F^; 

2. TP = {w G F'^ I (w)P = 1} and = {r G F'^ | (r)? = 1}; 

3. m = \TP\ ■ \Ti\, gcd{\TP\,q) = 1, gcd(|r'?|,p) = 1, and gcd(|rP|, |r''|) = 1; 

4. (w, r) 1-^ w o r is a group isomorphism from TP © onto F^ . 

By comparing item 3) in both lists, we have \TP\ = \SP\ = m' and |T^| = |S"^| = m" . 

Let TP = {wq = 1, wi, . . . , Wm/_i} and T'^ = {tq = 1, ri, . . . , rm"_i}. Then by item 4), we have a 
one-to-one correspondence g from [0 : m — 1] to [0 : m' — 1] x [0 : m" — 1] and 

F*J = Wg,(j) o rg2(j), for all j G [0 : m - 1]. (60) 
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Now we are ready to permute the rows and columns of F to get a new matrix G that is the tensor 
product of two smaller matrices. We use (xi, X2), where xi G [0 : m' — 1], X2 S [0 : m" — 1], to index the 
rows and columns of G. We use n(xi,X2) = f~^{xi,X2), from [0 : m' — 1] x [0 : m" — 1] to [0 : m — 1], 
to permute the rows of F and S(yi,y2) = g~^{yi,y2) to permute the columns of F, respectively. As a 
result, we get G = Fn,s where 

G(xi,x2),{yi,y2) = Fn{xi,x2)Myuy2)^ ^^"^ ^I'^i e [0 : m' - 1] and X2,y2 G [0 : m" - 1]. 
By (|59p . and using the fact that uq = 1 and vq = 1, we have 

G(xux2),* = G(xi,o),* ° G(o,a:2),*, all xi £ [0 : m - 1] and 2:2 G [0 : m" - 1]. 

Similarly by (j60p and wq = 1 and tq = 1, we have 

G*,(j,i,y2) = G*,iyuO) ° G*,{0,y2)^ foi^ ah yi G [0 : m' - 1] and ^2 S [0 : m" - 1]. 
Therefore, applying both relations, we have 

G{xi,X2),iyi,y2) = G'(xi,0),(yi,0) ' G'(xi,0), (0,1/2) " G'(o,x2), (1/1,0) ' '-^(0,X2 ), (0,1/2 ) • 

We claim 

<^(2^i,o), (0,1/2) = 1 and G(o,x2), (1/1,0) = 1- (61) 

Then we have 

G{xi,X2),{yi,y2) = G(xi,0),{yi,0) ' ^(0,3,2), (0,1/2) ■ (62) 

To prove the first equation in ()6ip . we realize that it appears as an entry in both u^;^ and Vy^. Then 
by item 2) for and T'', both of its pth and qth powers are 1. Thus it has to be 1. The other equation 
in ()6ip can be proved the same way. 

As a result, we have obtained our tensor product decomposition G = F' ® F", where 

F' = (^K,y = G(^x,0),{y,0)) and F" = (^F!^y = G(o,a;),(0,i/)) ■ 

The only thing left is to show that F' and F" are discrete unitary, and satisfy (GC). Here we only 
prove it for F'. The proof for F" is the same. To see F' is discrete unitary, for all x ^ y £ [0 : m' — 1], 

= (G(a;,0),*) G(y^o),*) = G(x,0),(zi,Z2)G{yfl),{zi,Z2) 

Z\,Z2 

= X/ ^(2^,0), (21,0)^(0,0), (0,Z2)^(i/,0),(^i,0)G'(o,0), (0,^2) 

Z\,Z2 

= m".(F;_„F;,,). 

Here we used the factorization ()62p and uq = 1 and vq = 1. Similarly, we can prove that F^ and F^ 
are orthogonal for x ^ y. F' also satisfies {GC) because both S'p and are groups and thus, closed 
under the Hadamard product. Finally, F' is exactly p-discrete unitary: First, by definition, we have 

pq = M = Icmjorder of G(^xux2),{yuy2) : x,y} = Icmjorder of G(^xifl),iyuO) ■ ^(^.3,0), (1^2,0) : x,y}; 
Second, the order of G(^xi,o),{yi,o) divides p and the order of G(^x2,o),{y2,o) divides q. As a result, we have 
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p = Icmjorder of G(a;,o),(s,,o) : x,y} 
and by definition, F' is a p-discrete unitary matrix. □ 

Next we prove Lemma 19.51 which deals with the case when M is a prime power. 

Property 9.2. Let A be an M -discrete unitary matrix that satisfies the group condition (GC). If M is 
a prime power, then one of its entries is equal to com- 

Lemma 9.5. Let F E £;n^xm M -discrete unitary matrix that satisfies (QC). Moreover, M = p^ 

is a prime power for some k > 1. Then there exist two permutations 11 and E such that 

Fn,E = :Fm® F', 

where F' is an M' -discrete unitary matrix, M' = p^' for some k' < k, and F' satisfies (GC). 

Proof. By Property 19.21 there exist a and b such that Fa^ = ujm- Thus both the order of F^,* (in F^) 
and the order of F^< (in F'~") are M. Let 

5*1 = {l, Fq^^k, {Fa,*)"^ , . . . , (Fa^^,)*^ 

denote the subgroup of F^ generated by Ya^*- Since the order of F^,* is M, we have IS*!! = M. 

Let 5*2 denote the subset of F^ such that u G S'2 iff its b*^ entry = 1. It is easy to see that 5*2 
is a subgroup of F^. Moreover, one can show that (wi,W2) 1— > wi o W2 is a group isomorphism from 
•S*! © S2 onto F^. As a result, |S'2| = m/M which we denote by n. 

Let S2 = {uq = 1, ui, . . . , u„_i}, then there exists a one-to-one correspondence / from [0 : m — 1] 
to [0 : M - 1] X [0 : n - 1], where i ^ f{i) = (/i(i), /2(i)), such that 

F^,* = (F«,,)^i(*) o uj3(,), for all i G [0 : m - 1]. (63) 

In particular, we have /(a) = (1,0). 

Similarly, we use Ti to denote the subgroup of F^ generated by F^, (|Ti| = M), and T2 to denote 
the subgroup of F'~' that contains all the v € F'~' such that Va = ^- (wi,W2) ^ wi o W2 also gives us 
a natural group isomorphism from Ti © T2 onto F^ , so IT2I = m/M = n 

Let T2 = {vq = 1, vi, . . . , v„_i}, then there exists a one-to-one correspondence g from [0 : m — 1] 
to [0 : M - 1] X [0 : n - 1], where j ^ g{j) = {gi{j) , g2{j)) , such that 

F*j = (F,,b)^'i(j) o vg,(,), for all j G [0 : m - 1]. (64) 

In particular, we have gib) = (1,0). 

Now we are ready to permute the rows and columns of F to get a new m x m matrix G. Again we 
use {xi,X2), where xi G [0 : M — 1] and X2 G [0 : n — 1], to index the rows and columns of matrix G. 
We use n(xi,X2) = /^^(xi,X2), from [0 : M — 1] x [0 : n — 1] to [0 : m — 1], to permute the rows and 
S(?/i,?/2) = 9~^{yi,y2) to permute the columns of F, respectively. As a result, we get G = Fn,s- 

By equations ([63]) and and uq = 1 and vq = 1, we have 

G(a:i,x2),* = (G(i,o),*)'^^ ° Gl(o,x2),* ^''^'i G*,{»/i,J/2) ~ (G*,(l,o))^^ ° G*,{0,y2)- 

Applying them in succession, we get 

^{xi,X2),{yi,y2) = i'^il,0),iyi,y2)T^'^iO,X2),[yi,y2) = (G'(1,0),{1,0))'^'^' (G'{l,0),{0,y2))''' (G'(o,x2),(l,0))^'G'(o,a:2),{0,s/2) • 
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We can check that G(i^o),(i,o) = Fa,b = ^M- Indeed, by /(a) = (1,0) and g{h) = (1,0), we have 

^(1,0), (1,0) = -^n(l,0),S(l,0) = ^/-i(l,0),g-i(l>0) = Fa,b = ^M- 

By (|64p . and a similar reasoning, we have 

^(l,0),(0,J/2) = -^a,g-l(0,j/2) = {^a,hf ' Vy^^a = Vy^^a = 1, 

where Vy^^a denotes the a*'* entry of v^j, which is 1 by the definition of T2. By ([55]) . we also have 

G'{0,X2),{1,0) = Ff-^{0,X2),b = {Fa,bf ■ Ux2,b = Ux2,b = 1, 

where Ux2,b denotes the b^^ entry of u^^^, which is 1 by the definition of 5*2 . 
Combining all these equations, we have 

G(xi,x2),{yi,y2) = ^M^^ " G'{o,x2), {0,1/2) • (65) 

As a result, G = F', where F' = {F^ y = G(o,x),(o,j/)) is an n x n matrix. 

To see F' is discrete unitary, by ([65]) . we have 

= (G(o,,),,,G(o,j,),,) = M - (F;^„F;^,), for any X / y G [0 : n - 1]. 

Similarly we can prove that F'^^^ and F^ ,^ are orthogonal for x ^ y. F' also satisfies the group condition 
because both S2 and T2 are groups and thus, closed under the Hadamard product. More precisely, for 
(row-^C), suppose F^ and F'^ are two rows of F'. The corresponding two rows G(o,x),* and G(o,j/),* 
in G are permuted versions of and u^, respectively. We have, by 

K,z = -^/-i(0,a;),9-i(0,2) = ^a;,g-l(0,2) ^ud Fy^^ = -Ff-i (o,j/),g-i (0,^) = Uy,g-i{0,z)- 

Since 5*2 is a group, we have some w £ [0 : n — 1] such that u^, o Uj^ = u^, and thus 

■"^XjZ ' y,z "'ui,g~^{0,2:) ^w,z- 

The verification of (column-t?C) is similar. Finally, it is also easy to see that F' is p'^'-discrete unitary, 
for some integer k' < k. □ 

Theorem 15.41 then follows from Lemma 19.41 and Lemma 19.51 



10 Proof of Theorem 15.51 

Let ((M, N), C,D, (q, t, Q)) be a 4-tuple that satisfies condition (TZ). Also assume that EVAL(C, D) is 
not T^P-hard (since otherwise, we are done). For every r in T (recall that T is the set of r G [iV — 1] 
such Aj. 7^ 0), we show that must be a coset in Zq. Condition (£2) then follows from the following 
lemma which we will prove at the end of this section. Condition (£1) about A^ can be proved similarly. 

Lemma 10.1. Let ^ be a coset in Gi © G2, where Gi and G2 are finite Abelian groups such that 

gcd(|Gi|,|G2|) = l. 
Then for both i = 1,2, there exists a coset in Gi such that $ = $1 x $2- 
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Figure 7: The gadget for constructing graph G' (Note that the subscript e is suppressed). 

Let G = (y, E) be an undirected graph. We build a new graph G' by replacing every e = uv & E 
with the gadget as shown in Figure [71 More exactly, we define G' = {V' , E') as 

= y U {oe, be,i, Ce,i, de,i, 4, 6g j, Cg j, 4 j \ eG E and i £ [N]} 

and E' contains exactly the following edges: For each e = uv £ E, 

1. One edge between {u,de,i), {v,d'^i), {u,d'^^) and {v,de,i) for all i £ [2 : N]; 

2. For every i £ [N], one edge between {ae,be,i), N — 1 edges between {be^i,de^i); 

3. For every i £ [N], N — r edges between (oe, Ce,j), r edges between (ce,i, de^i); 

4. For every z £ [N], one edge between {a'^,b'^^), N — 1 edges between {b'^i,d'^-); 

5. For every z G [N], N — r edges between (a'g, Cg J, r edges between (Cg j, dg J. 

It is easy to check that the degree of de,i and d'^ ^, for all e £ E,i £ [N], is exactly r (mod A^) while all 
other vertices in V' have degree (mod N). It is also noted that the graph fragment which defines the 
gadget is bipartite, with all u, v, be,i,Ce^i, 6g j, Cg ^ on one side and all ag, a'g, de^i, d'^ ^ on the other side. 
The way we construct G' gives us a 2m x 2m matrix A such that 

Za{G) = Zc,^{G'), for all G, 

and thus, EVAL(A) < EVAL(C,D), and EVAL(A) is also not #P-hard. We use {0, 1} x Zq to index the 
rows and columns of A. Then for all u, v £ Zq, we have 

^(0,u),(l,v) = ^(l,u),(0,v) = 0. 

This follows from the bipartiteness of the gadget. 
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We now analyze the upper-left m x m block of A. For u, v G Zg, we have 



N 



N 



N 



A 



(0,u),{0,v) 



1 a,di,...,djveZQ 



i=2 
N 



N 



i=l 
N 



E ^v,d. n^".-« n E ^b.a^ E <,a^^;,d. n^fi 



I a,di,...,djveZQ 



i=2 



1,1=1 VbiSZ 



i=l 



Note that in deriving this equation, we used the fact that M\N and entries of F are all powers of ujm- 
Since F is discrete unitary, 

E -^b,,ai^b,,d, = (F*,a,F*_d,) 

is unless dj = a. When dj = a for every i £ [N], the inner product (F^^ajF^^di) = and likewise so 
are the sums over Cj. Also the product 



n "SU, 

ie[Af] 



D 



r] 



N 



when each dj = a G A^, and otherwise. This is because by (Z^s), ^|i'a) ^ power of lon when a G A,., 
and otherwise. 

As a result, we have 



A 



(0, 



u),(0,v) = ( E ^u,ai^v,a-m2^) X ( E ^v,aFu,a 



m 



2N 



m 



AN 



aeAr 



(66) 



By using condition (TZs), we can further simplify ([66]) to be 



^(o,u),(o,v) - m 



^ ^ ^u— v,a 

aeAr 



m 



AN 



(X) V,*) 



(67) 



where x is a 0-1 characteristic vector such that Xa = if a ^ A,, and Xa = 1 if a G A^., for all a G Zg. 
Since F is discrete unitary, it is easy to show that 



< ^(o,u),(o,v) < m^^lArl"^ and ^{o,u),{o,u) = for ah u,v G Zg. 

As r G T, we have \Ar\ > 1 and let n denote \Ar\. Using the dichotomy theorem of Bulatov and Grohe 
(Corollary I ll.ip together with the assumption that EVAL(A) is not #P-hard, we have 

^(o,u),(o,v) e {0, m^^n^}, for ah u, v G Zg. 

As a result, we have for all u G Zg, 

(X,F,,,)| G {0,n}. (68) 

The inner product {x, Fu,*) is a sum of n terms, each term a power of lom- To sum to a complex number 
of norm n, each term must have exactly the same argument; any misalignment will result in a complex 
number of norm < n, which is the maximum possible. This implies that 



4Af| 



(x,Fu,*) G {0,n,nujM,nujM, ■ ■ ■ ,nujj:^ }. 



(69) 
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Next, let a denote a vector in A^. We use $ to denote a + (A^ — a), where 

Ar — a = {x — a I X G Aj,} 

and {Ar — a) is the subgroup generated by A^ — a. Clearly A^ ^ <I). We want to prove that A^ is equal 
to which by definition is a coset in Zq. This statement, together with Lemma llO-H will finish the 
proof of Theorem 15.51 

To this end we use k to denote the characteristic vector of Kx = if x ^ $ and Kx = 1 if x E 
We will show for every u G Zq, 

(«,Fu,*) = ^(x,Fu,*). (70) 
Since F is discrete unitary, {Fu^=k,u G Zg} is an orthogonal basis. From ([70]) we have 

|$| 

■X, 



which implies k = x (since both of them are 0-1 vectors) and thus, A.^ = <I> is a coset in Zg. 
We now prove ()70p . We make the following observations: 



1. If |(X)Fu,*)| = n, then there exists an a G Zm such that Fu,x = for all x G A,.; 

2. Otherwise, (which is equivalent to (x,Fu^*) = from (f68]l ). there exist y and z in A^. such 
that Fu,y 7^ Fu,z. 

Observation 1) has already been noted when we proved (j69p . Observation 2) is obvious since if F^^ y = 
Fu,z for all y, z G A,., then clearly (x,Fu,*) 7^ 0. 

Equation ()70p then follows from the following two lemmas. 

Lemma 10.2. // there exists an a such that i^u,x = f^''" '^^^ ^ ^ ^r, then i^u,x = for all x € ^. 

Proof. Let x be a vector in <I>, then there exist xi, . . . , x^ G A^ and hi, . . . ,hk G {±1} for some A: > 0, 
such that X = /ij(xj — a). By using (T^s) together with the assumption that Fu^a = ^u,x, = ^m, 



i i □ 



1 fj 



Lemma 10.3. // there exist y, z G <1* such that F^ y 7^ -Fu.z; then X^xe*-^".^ = 0. 

Proof. Let / be the smallest positive integer such that /(y — z) =0, then / exists because Zg is a finite 
group, and / > 1 because y 7^ z. We use c to denote -Fu,y-Fu,z- By using condition (T^s) together with 
the assumption, we have c' = -Fu,/(y_z) = 1 but c 7^ 1. 

We define the following equivalence relation over For x, x' G 

X ~ x' if there exists an integer k such that x — x' = k{y — z). 

For every x G its equivalence class contains the following I vectors: 

X, x+(y-z), x+ (/ - l)(y - z), 

as $ is a coset in Zg. We conclude that ^xe* -^u,x = since for every class, we have (by using (TZs)) 

l-l l-l ^ I 

-^u,x+j(y-z) = -^u,x ^ C = -^u,x _ ^ ~ ^■ 
i=0 i=0 □ 
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Now (j70|) can be proved as follows: If |(x,Fu,*)| = n = |A^|, then by 1) and Lemma [10.21 

|(k,Fu,*)| = |^>|. 

If |(x,Fu,=,)| / \Ar\, then (x,Fu,*) = 0. By 2) and A.^ C ^, Lemma HOS] implies 

(k,Fu,,) = 0. 

This concludes that is a coset in Zq. To get the decomposition (£2) for A,. = YU^i A^^i, we use 
Lemma 110.11 

10.1 Proof of Lemma 110.11 

First, we show that if u = (ui, U2) G ^ and v = {vi,V2) G ^, for Ui, Vi S Gj, 2 = 1,2, then (ui, ^2) G 

On the one hand, since gcd(|Gi|, IG2I) = 1, there exists an integer k such that | k and k = 1 
(mod IG2I). On the other hand, since $ is a coset, we have u + /c(v — u) G Since 

ui + k{vi — ui) = ui and U2 + k{v2 — U2) = V2, 

we conclude that {ui,V2) G 

This implies the existence of subsets Q Gi and <I>2 Q G2 such that ^ = 
$1 = {x G Gi|3y G G2,{x,y) G and $2 = {y G G2 | G G 
both $1 and <I>2 are cosets (in Gi and G2, respectively), and <I> = <I>i x <I>2. 

10.2 Some Corollaries of Theorem 15.51 

Now that we have proved Theorem 15.51 we know that unless the problem is #P-hard, we may assume 
that condition (£) holds. Thus and A^ are cosets. 

Lemma 10.4. Let H be the m x suhmatrix obtained from F by restricting to the columns indexed 
by Ar- Then for any two rows Hu,* and Hv,*, where u, v G Zq, either there exists some a G T^m such 
that Hu,* = ' -H-v,*) or (Hu,*,Hv,*) = 0. 

Similarly we denote by G the \Ar\ x m submatrix obtained from F by restricting to the rows indexed 
by Ar- Then for any two columns G*^u an-d G*^v; where u, v G Zq, either there exists an a £ such 
that G^,^u = uj'^f ■ G<<^v) or (G^k^u, G<<^v) — 0. 

Proof. The rows of H are restrictions of F. Any two rows Hu^*,Hv,* satisfy 

which is a row in H. If this Hu-v,* is a constant, namely uj'^j for some a G Zjvf, then Hu^,,, = ajf^Tiv,* 
holds. Otherwise, Lemma [10.31 savs (Hu,*,Hv,*) = 0. 

The proof for G is exactly the same. □ 

As part of a discrete unitary matrix F, all columns {H^k^u | u G A^} of H must be orthogonal and 
thus rank(H) = |Aj.|. We denote by n the cardinality \Ar\. There must be n linearly independent rows 
in H. We may start with bo = 0, and assume the following n vectors bo = 0, bi, . . . , b^-i G Zq are the 
indices of a set of linearly independent rows. By Lemma 110.41 these must be orthogonal as row vectors 
(over C). Since the rank of the matrix H is exactly n, it is clear that all other rows must be a multiple 
of these rows, since the only alternative is to be orthogonal to them all, by Lemma 110.41 again, which 
is absurd. A symmetric statement for G also holds. 



: <I>i X <I>2. Namely we let 
. It is easy to check that 
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11 Proof of Theorem 15.6 

Let ((M, N),C,T), (p, t, Q)) be a tuple that satisfies both conditions {TZ) and (£) (including (£3)). We 
also assume that EVAL(C,S)) is not ^^P-hard. By (£), we have 

s s 

Ar = Ar^i for every r £ S, and A.^ = A^^j for every r G T, 

i=l i=l 

where both A,.^j and A^^j are cosets in Zq.. 

Let r be an integer in S. Below we will prove {"Di) and (2^3) for A^. The other parts of the theorem, 
that is, (P2) and {V^), can be proved similarly. 

Let G denote the \Aj.\ x m submatrix of F whose row set is C Zg. We start with the following 
simple lemma about G. In this section we denote by n the cardinality |Aj.| > 1. A symmetric statement 
also holds for the m x \Ar\ submatrix of F whose column set is A^, where we replace n = jA^] by \Ar\, 
which could be different. 

Lemma 11.1. There exist vectors bo = 0, bi, . . . , b„_i G such that 

1. {G^^bi I ^ £ [0 : n — 1]} forms an orthogonal basis; 

2. For all b G Zg, there exist i £ [0 : n — 1] and a £ 'Lm such that G*^b = "-^m " ^*,t'i? ^'^'^ 

3. Let Ai denote the set o/b G Zg such that G^K^b is linearly dependent with G^:^t)., then 

\Ao\ = \Ai\ = ... = \An-l\ = — . 

n 

Proof. By Lemma ll0.4| and the discussion following Lemma 110.41 (the symmetric statements regarding 
Ar and G), there exist vectors bo = 0, bi, . . . , b„-i G Zg such that Properties 1) and 2) hold. 

We now prove property 3). By condition (JZ3), fixing bj, for any i, there is a one-to-one correspon- 
dence between Ai and j4o, by b b — bj. This is clear from Gb-a^,* = Gb,* o Gbj,*- Hence we have 

= {b — bj I b G Ai} for all sets Ai. It then follows that \Ao\ = \ Ai\ = . . . = \ An-i\ = m/n. □ 

Now let G = (y, E) be an undirected graph. For every positive integer we can build a new graph 
q\p\ from G by replacing every edge e = uv £ E with a gadget. We will need G^^l in the proof. But it 
is more convenient to describe G'^^ first and illustrate it only with the case p = 1. (The picture for G^l 
will be too cumbersome to draw.) The gadget for G^^l is shown in Figure [HI 

More exactly, we have G[i] = {V^'^\E^'^^) where 

=VU {Xe,ye,ae,i,a'^^i,be,b'^,Ce^i,C^^i,de,j,d'^j,We,w'^,Ze,z'^ \ 6 £ E,i £ [N - 1], j G [r + 1]}, 

and contains exactly the following edges: For every edge e = uv £ E, 

1. one edge between {u,dej) for all j G [r + 1] — {2}; 

2. — 1 edges between {v,dej) for all j G [r + 1] — {!}; 

3. one edge between (4,1, '^e), (4,2, ^^e), {we^Ve) and {ze,Xe)\ 

4. A^- 1 edges between {de,i,Ze), {de,2,We), {we,Xe) and {ze,ye); 

5. one edge between (og^j, d^j) for all i G [A^ — 1] and j G [r + 1] — {2}; 

6. one edge between (be^dej) for all j G [r + 1] — {!}; 
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7. — 1 edges between {ce^N-i,o.e,i) and (ce^j, ae,i+i) for all i £ [N — 2]; 

8. one edge between (ae,j, Ce,j) for all i £ [N — 1]; 

9. N -1 edges between {u, d'^ j) for all j £ [r + 1] - {2}; 

10. one edge between {v, d'^ ■) for all j G [r + 1] — {1}; 

11. one edge between {d'^^^z'^.), {d'^2i'^'e)i i'^'ei^e) and [z'^^ye); 

12. - 1 edges between {d'^^^,w'^), {d'^^21 ^'e)-> {'^'eiVe) and (ZgjXg); 

13. one edge between (a'g j, d'^ j) for all i S [A^ — 1] and j G + 1] — {1}; 

14. one edges between {b'^,d'^j) for all j £ [r + 1] — {2}; 

15. — 1 edges between (Cg iv_i, ae,i) (c^ j, a'g ^_,_-^) for all i € [A^ — 2]; 

16. one edge between (a'g j, Cg J for all i G [A^ — 1]. 

As indicated earlier, the graph we really need in the proof is G^^^ . The gadget for G^^l can be built from 
the one for G[i] in Fi gureOas follows: First, we make a new copy of the subgraph spanned by vertices 

{u,v,x,y,w,z,dj,ai,Ci,b \ i £ [N - £ [r + 1]}. 

All vertices are new except x, y, u and v. Second, make a new copy of the subgraph spanned by 

{u,v,x,y,w' ,z ,d'j,a[,Ci,h' \ i £ [N - I], j £ [r + 1]}. 

Again all vertices are new except x,y,u and v. In this way, we get a new gadget and we use it to build 
(^[2] )-,y replacing every edge e = uv £ E with this gadget. 

It is easy to verify that the degree of every vertex in G^'^^ is a (mod A^) except both copies of Ue^i, 
a'^^,he and 6g whose degree is r (mod A^). The construction gives us a 2m x 2m matrix A such that 

^a(G) = Zc,i,(G[21), for any undirected graph G, 

and thus, EVAL(A) (< EVAL(C,S)) (right now it is not clear whether A is a symmetric matrix, which 
we will prove later) is not #P-hard. We index the rows (columns) of A in the same way as we do for 
C: The first m rows (columns) are indexed by {0} x Zg and the last m rows (columns) are indexed by 
{1} X Zq. Since C is the bipartisation of F, we have ^(o,u),(i,v) = ^(i,u),(o,v) = 0) foi' all u, v G Zq. 
We now analyze the upper-left m x m block of A. For u, v G Zg, we have 



where 



^(0,u),(0,v) — ^ ^u,v,x,y^u,v,x,y) 



N-1 I 

^u,v,x,y = ^ ^(0,b) n ^(0,ai) I X/ ^w,di ^w,y^w,d2 

-^z,d2^z,x^z,di^z,y j I ^ai,Ci-^ai+i,Ci j j ^ajv_i ,cjv_i 

i^zSZq / \ i=l Ci&Q 




cjv-i-' ai,C]v-i 



r+l N-l \ / N-1 

n E ^u,d.i^b,d.^ n ^a„d, i^u,di n ^-.-d, i i^i^b,d2, and 

1=3 d.eZQ j=i J \j=i 
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N-1 I 

-Bu,v,x,y = ^ "^(0,b) n -^(0,ai) I ^ -^w,d2 -Pw,x-^w,cii -^w,y 

ai,...,ajv-i,beAr,di,d2eZQ i=l yweZg 

\ \ / 

^z,di^z,y^z,d2^z,x j I ^ ^ai,Ci^ai+i,c, j I ^ ^a;„_i,cjv_i^ai,Cjv-i 

,zeZQ / \ i=l CiSZe / \cjv-i« 



r+l AT-l \ I N-1 \ 

II XI ^v,di^b,di^u,di H ^a^.di I ^v,d2 I H ^aj,d2 I ^u,di^b,di- 
=3 dfGZe 3=1 J \j=l J 

We simplify Au,v,x,y first. Since F is discrete unitary and satisfies (7^3 ), we have 

-^w,di-^w,y-^w,d2-^w,x = (F*,di+y ) f'*,d2+x) 

weZg 

is zero unless di — d2 = x — y. When this equation holds, the inner product (F^^di+yi d2+x) = "m- 
Also when di - d2 = x - y the sum X^^g^e -^z,d2-^z,x^z,di-?^z,y = m as well. Similarly, 

-^aj,Cf-^ai+i,Ci = (Faj,*, Faj_,_i,*) 

CfeZe 

is zero unless = aj+i, for i = 1, . . . , — 2. Also, we have 

Cjv-iSZg 

is zero unless ajv_i = ai. When ai = . . . = a^v-i, all these inner products are equal to m. So now we 
may assume di — d2 = x — y and all aj's are equal, call it a, in the sum for Au,v,x,y 
Let X — y = o, then Au,v,x,y is equal to 



E ^(olb)^(ola) ( n E ^u,d,i^b,d.i=^v,d,Fa,d. ) i^u,d2+oi^b,d2^^v,d2i^a,d2+o. (71) 
a,beA,.,d2eZQ \ i=3 diGZg 



Again, 

E ^u,d,-^b,di-^v,di-^a,di = (Fu+b,*,Fv+a,*) = 
diGZQ 

unless u + b = V + a. When u + b = v + a, the inner product (Fu-j-jj,* j F^^a = m. As a result, if 

V - u ^ Kf' = {x - x' I x,x' G AJ, 

then Au,v,x,y = since a, b G A^ and b — a G Aj,"\ 

For every vector h G AJ,™ (e.g., h = v — u), we define a |Ar|-dimensional vector T^^l as follows: 



rpM _ r)H r)M f„-. all v (= A 

- '^(o,x+h)-^(o,x)' roranxGiv. 

By (£), Kr is a coset in Zq, so for any x G A^, we also have x + h G A^. Therefore every entry of tI^I 
is non-zero and is a power of wjv- 
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Now we use T'"^ to express Au^v,x,y Suppose v — u E A[,™, then 

-.N+r 



A 



u,v,x,y 



m 



E 



a6Ar,d2eZQ,b=a+v— u 



m 



N+r+l 



/ . -^(0,a+v-u)-^(0,a)-^":O-^a,o — -fu,x-y\J- ,»^*,x-y;- 

asAr 



Here we used (7^3 ) in the second equality, and we recall the definition of o = x — y. 



Similarly, when v — u ^ Aj,™, we have -Bu^v,x,y = 0; and when v — u G Aj! 



lin 



x,y 



E 



-^(olb) ^(0,a) ^■v,d2 -^b,d2+x-y-^a,d2 -^u,d2+x-y 



bsAr,d2GZQ,a=b+v— u 



m 



N+r 



/ . ^(0,b)-^(0,b+v-u)-^b,x-y-fu, 



x-y 



m 



Af+r+l 



P /T V— u \ 

-'UjX— yX-"- ! ^*,x— y/ 



beAr,d2eZQ 

To summarize, when v — u ^ Aj,™, j4(o,u),{o,v) = 0; aiid when v — u G Aj,™, 



x,yeZQ 



x-y/ 



4Ar+4r+5 



|(T[--"l,G,,b) . (72) 



beZQ 



We now show that A is a symmetric non- negative matrix. Let a = v — u E A^™. Then by (7^3 ), we 
have for every b G Zg, 



(T[--],G,,_b) 



xeAr 



E 



-t^x i^x-a^x,b 



xeA^ 



yeAr 



yeAr 



(Tl^J,G,,b) 



where the second equation is by conjugation, the third equation is by the substitution x = y + a and 
the fourth equation is because Fa^b is a root of unity. It then follows that vl(o,u),{o,v) = ^{o,v),(o,u)- The 
lower-right block can be proved similarly. Hence A is symmetric. 
Next, we further simplify ()72p using Lemma lll.lt 



A 



m 



4Af+4r+6 



n-1 



(0,u),(0,v) 



n 



• ^ (T[--"],G,,aJ 



i=0 



(73) 



For the special case when u = v, we know exactly what vl(o,u),{o,u) is^ Since tI^'I = 1 = G^k^^o; we have 

(T[°l,G,,t,o) =n; 
By Lemma m.lt {G^^bo; • • • > is an orthogonal basis, hence 



n-l 



1=0 



J] (TM,G,,b.) =n^ and Vu),(o,u) = ^ • n^ where L = m^^+^'^+Vn. 
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Our next goal is to prove (j75p . Note that if |AJ,™| = 1 then (j75p is trivially true. So below we assume 
lA^''^! > 1. Because A is symmetric and non-negative, we can apply the dichotomy theorem of Bulatov 
and Grohe. For any pair u 7^ v such that u — v G Aj.™, we consider the following 2x2 submatrix 

^(0,u),(0,u) ^{0,u),{0,v) 



^(0,v),(0,u) ^(0,v),(0,v) 

of A. Since EVAL(A) is assumed to be not #P-hard, by Corollary 12.11 we have 



A 



(0,u),(0,v) 



^(o,v),(o,u) e {0,L-n^}, 



and thus from (j73p . we get 

n-l 



^ (T[''""],G*,aJ G{0,n^}, for all u, V such that u - V G A, 



lin 
r ■ 



(74) 



j=0 



However, the sum in (j74p cannot be zero. This is because the following: By Lemma [11. 11 {G*^{,. | i £ 
[0 : n — 1]} is an orthogonal basis, with each ||G^^bilP = Then by Parseval, 



n-l 

E 

1=0 



^rj,[v-u] 



'*,bi 



irpfv-u] ||2 



n, 



since each entry of T''*' is a root of unity. Hence, Y17=o KT^"'""], G=,,a,)p = n^. This shows that for 
some < i < n, |(T["^""], G*^{,.)| 7^ 0, and therefore, the sum in (I74p is non-zero, and thus in fact 



n-l 



5] (T[--"i,a,t,, 



1=0 



n"', for all u, v such that u — v G A^™. 



If we temporarily denote Xi = \ {T^'^ G^:^b.)\, for < « < n, then each Xi > 0. We have both 

n— 1 n— 1 

= and : 

By taking the square, we have 



4 4 
X, = n . 



2 = 



i=0 



n-l 



n 



= xf + non-negative cross terms. 



,i=0 



i=0 



It follows that all cross terms must be zero. Thus, there exists a unique term Xi ^ 0. Moreover, this Xi 
must equal to n while all other Xj = 0. We conclude that, for all u and v G Zq such that u — v G Aj.™, 
there exists a unique i G [0 : n — 1] such that 



(T^--"J,G.,6j 



n. 



Again apply the argument that (T^'^ "1, G^^^i) is a sum of n terms, each of which is a root of unity, 
we can conclude the following: For all a G AJ,™, there exist b G and a G Zjv such that 



(75) 



Below we use ([75]) to prove (Ps). Note that, if s = 1, then (D3) follows directly from (|75]) . So below 
we assume s > 1. First, (j75p implies the following useful lemma: 
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Lemma 11.2. Let a. be a vector in A'l"^ for some /c E [s]. Then for every c S Aj!°, where i i^k, 

T%/tI^ for all ^eK, 

is a power of lVq,,. {Recall we use to denote qi^i. Also note that for every x € A^, the translated point 
X + c is in Ar, so T^^^ is defined at both x and x + c. Since they are roots of unity, one can divide one 
by the other.) 

Proof. By (I75p . there exists a vector b G Zq such that 

-^x+c / '^^^ ~ ^x+c,b / G'x,b = Fc^b, 

which, by (TZs), must be a power of Uq^. □ 
Let a stiU denote an arbitrary vector in Aj,™, and c G A^™, where £ ^ k and A; G [s]. By writing 

[hi \r] ' ' 

out the definition of in term of Di , we have 

x+a ^ ^ x+c ^ ' 



and thus, 



x+a / x+c / 



By Lemma 111.21 the left hand side of the equation is a power of Wg^. , while the right hand side of the 
equation is a power of ujg^. Since k ^ i, gcd{qk, qi) = 1, we have 



T^l^/TP = 1, for all c G A^!^"^ such that £ ^ k. (76) 

This implies that Tlt\ as a function of x, only depends on x^ G A^^fc. It then follows from (|75p that 

^x""' = ^ixMx,) = ■ Gext.{xfe),b = ■ F~ £-^ = uj%^^ ■ F^ ^^ , for any x G A^, 

and for some constants a,/3 G Zjsr and G Zq^. that are independent of x. This proves condition (I's). 
Finally we prove (Pi) from (P3). 

Recall that, in condition (C^), we have D^!'^ j^j, = 1. Let = (ai,a2, . . . ,sls) G A^, then 



r)M _ r)M 

^(0,x) - ^(0,(xi,X2,...,x,))-^(0,(ai,a2,...,as)) 



(0,(xi,X2,...,Xs_i,Xs)) (0,(xi,X2,.--,Xs-i,as)) 



(0,(xi,X2,.--,Xs-i,as)) (0,(xi,...,Xs-2,as-i,as)) 



X ( Fif} I I \\ I ! for any x G A^ 

I (0,(xi,a2,...,as)) (0,(ai,a2,...,as)) / ' ^ 



We consider the k*^ factor 



(0,(xi,...,Xfe_i,Xfc,afc+i,...,as)) (0,(xi,...,Xfc_i,afc,afc+i,...,as)) ' 
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By (j76|) this factor is independent of all other components in the starting point (xi, . . . , Xfc_i, a^, a^+i, 
. . . ,as) except the k*^ component a^. In particular we can replace all other components, as long as we 
stay within A^. We choose to replace the first k — 1 components Xj by a^, then 



(0,(xi,...,Xfe„i,Xfc,afe+i,...,as)) (0,(xi ,...,Xfe_i,afe,afe+i,...,as)) 



(0,(ai,...,afc_i,Xfc,afc+i,...,as)) (0,(ai,...,afc„i,afc,afe+i,...,as)) (0,extr(xfe)) (0,a[''l) (0,extr{xfe)) ' 

{T>i) is proved. 



12 Tractability: Proof of Theorem 15.7 



Let ((M, A^), C, 2), (p,t, Q)) be a tuple that satisfies all the three conditions (7?.), (£) and iV). In this 
section, we reduce EVAL(C,2!)) to the following problem: 

EVAL((7): Let q = he a. prime power for some prime p and positive integer k. The input 
of EVAL((7) is a quadratic polynomial f{xi,X2, ■ ■ ■ ,Xn) = J2ije[n] (^ij^i^j^ where aij £ Zg 
for all and the output is 



f{xi,...,Xn) 



We postpone the proof of the following theorem to the end of this section. 

Theorem 12.1. Problem EVAL(g) can he solved in polynomial time {in n: the number of variables). 

The reduction goes as follows: First, we use conditions (7^), (>C), and {V) to show that EVAL(C,2)) 
can be decomposed into s smaller problems (recall s is the number of primes in the sequence p): 

EVAL(CW,S)W),...,EVAL(CW,S)W). 

If every EVAL(CW, is tractable, then so is EVAL(C,S)). Second, for each problem EVAL(CW, dI^I) 
where i G [s], we reduce it to EVAL(g) for some prime power q which will become clear later, and thus, 
by Theorem II 2. H all EVAL(CW, 2?W)'s can be solved in polynomial time. 

12.1 Step 1 

For every integer z S [s], we define a 2m j x 2m j matrix where mj = |Zq. |: is the bipartisation 
of the following m^ x mj matrix FH, where (we index the rows and columns of using x G Zq. and 
index the rows and columns of using {0, 1} x Zq.) 

^x,y = n ^9^*' ^ = (^1' • • • = (yi' • • -^yu) e ^q.- (77) 

Here we use Xj, where j G [tj], to denote the j*^ entry of x in Zg. ^. It then follows from (JZ^) that 

i^x,y = F^^ly, ■ F^y, • • • F'ly, , for ah X, y G Zq. (78) 
On the other hand, for each integer i G [s], we define a sequence of N 2mj x 2mj diagonal matrices 

2)W ={D^0l,...,D^^-il} : 
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D'*'*^! is the 2mj x 2mi identity matrix; and for every r G [A^ — 1], we set 

d[o1 = 0, if r ^ 5, and of^^ = I?[5,,t.(x)) all x G , if r G 5; and 
d|;' J = 0, if r ^ r , and Df(l^ = Z^j^,,, for all x G Z,, , if r G T. 

By conditions and {'D2), we have 

^(M) = ^(li) • • • ^(mI) ' for all ^ e {0, 1} and x G Zq. (79) 

Eg. (j79p is valid for all x G Zq: For example for 6 = and x G Zg — A^, the left-hand side is because 
X ^ Aj.. The right-hand side is also 0, since there exists an index i G [s] such that Xj ^ A^^, and thus, 
extr(xj) ^ Ar, and = 0. It then follows from (j77p . (j79p and the following lemma that 

EVAL(Ct*^, S'*') is in polynomial time for all i G [s] =^ EVAL(C,S)) is in polynomial time. 

Lemma 12.1. For each i G {0, 1, 2}, is an nii x mj complex matrix, for some positive integers mi; 
CW is the bipartisation o/FW; and 2)W = {dI*'*^], . . . ,D[*'^~^1} is a sequence of N 2mj x 2mi diagonal 
matrices for some positive integer N , where 

and both p[*'^l and Q[*'^1 are rui x mj diagonal matrices. 

For each i G {0, 1,2}, (C'*',^)^*') satisfies (Pinning). Moreover, niQ = mi ■ m2, 

fM =fW®f[2], p[o,-] =pM^p[2,r]^ Q[o,r] ^q[M^q[V]^ for all r & : N - l\. 
Then if both EVAL(CW,dW) and EVAL(C[2l, D^) are tractable, EVAL(CM,S)M) is also tractable. 

Proof. By the Second Pinning Lemma (Lemma 14.20 . we can compute Z^^^j ^[^j and Z^y^^ ^y^, for both 
i = 1 and 2, in polynomial time. The lemma then follows from Lemma 12.31 □ 

We now use condition {F)^) to prove the following lemma about D^'j^'^^ where r G T. 

Lemma 12.2. For any r , i ^ [s\ and a G A J,™, there exist b G Zq. and a ^"Ljss such that 

4','i+a)-^ = ^^-<' forall^GAr,. 
Proof. By the definition of dI*'^!, we have 

p,[hr] p.li,r] _ j^[r] „[r] _ „[r] „[r] 

-^(l,x+a) ■ -^(l,x) ~ ^(l,ext;(x+a)) ' ^(l,ext;,(x)) " -^(l,ext;(x)+ii) " ^(l,ext;,(x)) • 

Recall that we use a to denote the vector x G Zg such that Xj = a and Xj = for all other j 7^ i. 
Then by condition (1*4), we know there exist b G Zq. and a G Zjv such that 

■'^{l,x+a) -^(l,x) - ^b,ext;(x) " '^A' "'^b.x' ^ ^ ^r,i, 

and the lemma is proven. □ 
One can also prove a similar lemma for ofc'^w r G 5, using condition (I's). 
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12.2 Step 2 

For convenience, in this subsection we abuse the notation shghtly and use EVAL(C,S!)) to denote one of 
the subproblems we defined in the last step: EVAL(CW, 2) W), i G [s]. Then by using conditions (7^), (C) 
and (P), we summarize the properties of this new (C,2)) that we need in the reduction as follows: 

(^i) There exist a prime p and a sequence tt = {tti > 7r2 > . . . > tt/j} of powers of the same p. F is an 
m X m complex matrix, where m = 7ri7r2 . . . tt^, and C is the bipartisation of F. We let tt denote 
TTl- We use = x • • • x Z^^^ to index the rows and columns of F, then 

-^x,y = Yi '^^f all X = (xi, . . . , Xh) and y = (yi, ...,yh)& ^tt, 

where we use Xj to denote the i*'' entry of x in Zt^., i G [h]. 

{J'2) S) = {DM, . . . ,D[^~^]} is a sequence of N 2m x 2m diagonal matrices, for some positive integer 
N with TT I N. D'^^I is the identity matrix, and every diagonal entry of Y)^^^, r G [A^ — 1], is either 
or a power of ujn- We use {0, 1} x to index the rows and columns of matrices C and D^'"!. 
(The condition tt | iV is from the condition M\N in (Ui ) , and the expression of M in terms of the 
prime powers, stated after (7^3). The vr here is one of the qi = g^^i there.) 

(.^^3) For each r G [0 : iV — 1], we let and denote 

A, = {x G I ^ 0} and A, = {x G | D^^^^^ / 0}. 

We let S denote the set of r such that A,. 7^ 0, and T denote the set of r such that A,. ^ 0. Then 
for every r G 5, A^ is a coset in Z^; and for every r G T, A^ is a coset in Z^r- Moreover, for every 
r E S (and r eT, resp.), there exists a vector aM G A^ (and b''"' G A^, resp.) such that 

(.7-4) For all r G 5 and a G AJ,'", there exist b G Z^ and a G Z^v such that 

^(olx+a)^(olx) = ■ Fx,b, for all X G A,; 

For all r G T and a G Aj,"\ there exist b G Z,r and a G Z^r such that 

^(ilx+a)^(ilx) = ""N ■ Fb,x, for all X G A,. 
Now let G be a connected graph. Below we will reduce the computation of Zc,s)(G) to EVAL(7f), 

where tt = tt if p 7^ 2; and tt = 27r if p = 2. 

Given a G Z^. for some i G [h], we let a denote an element in 7^^^ such that a = a (mod TTj). As tt/j | 
TTh-i I . . . I TTl = vr I vf , this lifting of a is certainly feasible. For definiteness, we can choose a itself if we 
consider a to be an integer between and tTj — 1. 

First, if G is not bipartite, then Zc,t>{G) is trivially 0. So from now on in this section, we assume 
G = {U UV,E) to be bipartite: every edge uv E E has one vertex in U and one vertex in V. 

Let u* be a vertex in U, then we can decompose .^c,s(G) into 
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We will give a reduction from the computation of Z(^^{G,u*) to EVAL(7f). The other part concerning 
can be proved similarly. 

We use Ur, where r G [0 : — 1], to denote the set of vertices in U whose degree is r (mod A^), and 
Vp to denote the set of vertices in V whose degree is p (mod A^). We further decompose E into j Eij 
where Eij contains the edges between Ui and Vj. 

It is clear that if Ur ^ 9 for some r ^ 5 or if I/q 7^ for some p ^ T, then Z^^{G) = 0. Therefore 
we assume Ur = 9 for all r 5 and = for all p ^ T. In this case, we have 



ZcMG,n*) = Yl 



n n"!t., n n<., 

res \ueUr / peT \veVp 



{r,p)eSxT uveEr,p 



(80) 



Here the sum ranges over all pairs {f,g), where 



f = {fr;reS)el{{Ur^Ar) and g = {gp; p e T) e H {Vp ^ Ap) , 
res peT 

such that f{u) = x„ and g{v) = y^. 

The following lemma gives us a convenient way to do summation over a coset. 

Lemma 12.3. Let ^ be a coset in and c = (ci, . . . ,Ch) be a vector in <I>, then there exist a positive 
integer s and an s x h matrix A over such that the following map r : C^^Y — > x • • • x Z^^ 

r(x) = (ti(x),... ,r;i(x)), where Tj(x) = (xA*j +Cj (mod VTj)) G Z^^. for all j G [h], (81) 

is a uniform map from Z| onto This uniformity means that for all b, b' G t/ie number of x ^ 
such that t(x) = b is t/ie same as the number ofx such that t(x) = b'. 

Proof. By the fundamental theorem of finite Abelian groups, there is a group isomorphism / from Zg 
onto where g = {gi, . . . , gs) is a sequence of powers of p and satisfies vf > vr = vri > 5(1 > . . . > (7si 
for some s > 1. Zg = Z^^ x . . . x Zp^ is a Z^f-module. This is clear, since as a Z-module, any multiple 
of vf annihilates Zg. Thus / is also a Z5f-module isomorphism. 

Let aj = /(ej) G for each i G [s], where G Zg is the vector whose i*'* entry is 1 and all other 
entries are 0. Let a^ = (aj^i, . . . ,ai^h) G ^-n- where aij G Z,^., i G [s], j G [/i]. Let Sj = (Sj^i, . . . ,aj^/j) G 
(Z^)'^ be a lifting of a^ component-wise. Similarly let c be a lifting of c component- wise. Then we claim 
that A = (ajj) and c together give us a uniform map r from Z| to $ defined in (|8ip . 

To prove that r is uniform, we consider the linear part of the map r' : Z| — > 

r'(x) = (r((x), . . . ,r^(x)), where Tj(x) = (xA^.^ (mod Hj)) G Z^^., for all j G [/i]. 

Clearly we only need to show that r' is a uniform map. 
Let a be the natural projection from Zi to Zg: 

x= {xi,...,Xs) ^ (xi (mod gi),...,Xs (mod g^)). 

a is certainly a uniform map, being a surjective homomorphism. Thus every vector b G Zg has exactly 
I ker a\ = / (51 • • • gs) many preimages. We show that the map r' factors through a and /: t' = f o a. 
Since / is an isomorphism, this implies that r' is also a uniform map. 

Since giBi = in Zg, the following is a valid expression in the Z^f-module for cr(x) 

[xi (mod 5^1), ... ,Xs (mod gs)) = J2t=i ^i^i- 
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Apply / as a Z^f-module homomorphism 

s 

/(cj(x)) = ^Xi/(ei), 

i=l 

which has its j*'' entry XiUij. This is an expression in the Z^f-module Z^r^, which is the same as 

s s 

(xj (mod TTj)) • Oj.j = ^^Xjajj (mod tTj) = Tj(x). 



i=l i=l |— I 

By applying Lemma 112.31 to coset A.^, we know for every r £ S, there exist a positive integer Sr and 
an Sr X h matrix over Z^f which give us a uniform map A[''1(x) from Zi'' to A^, where 

Af^(x) = (xAf^l + af (mod vTi)), for all i G [/i] and x G Zl''. (82) 

Similarly for every r £ T, there exist a positive integer and an tr x h matrix BI''! over Z^f which give 
us a uniform map from Z^ to A^, where 

(y) = ( yBl'l + bf 1 (mod TTi)), for all i G [/i] and y G Zl^ (83) 

Using (J^s), we have 

^Jo!aM(o)) = 1' ^^^^ ^ e 5; and /^{^.^(o)) = 1, when r G T. (84) 

Because both A^'^l and d'^l are uniform, and we know the multiplicity of each map (cardinality of inverse 
images), to compute (f80]l . it suffices to compute the following 

E nfn"SAH,..„)nfn°r,Vi„.„) n ( n ^-a-'.,,..,,.,,,,,., ) . (85) 

(x„),(y„) re5 \ne!7r / reT \veVr / ri€S,r2&T ymiG-Bri.rj / 

where the sum is over pairs of sequences 

If we can show for all r G 5, there is a quadratic polynomial /[''I over Z^f such that 



[^u;ue(jUr)el[{zt:y''^^ and {yv;v e [j Vr) e H {zt^f 



^!SaM(x))=4"^^^ forallxGZi- (86) 
and for all r £ T, there is a quadratic polynomial g^^^ over Z^f such that 

^!iVu,))=-f^'^ forallyGZ^; (87) 
and for all ri £ S and r2 G T, there is a quadratic polynomial /[^'^-''^l over Z^f such that 

^A[nl(x),5['-2l(y) = ^'''"'''^"'''^ for all X G Z^ and y G Z;'-% 
then we can reduce the computation of the summation in (jSSp to problem EVAL(7f). 
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We start by proving the existence of the quadratic polynomial /['^i''"2], Lg^ ri £ S and r2 G T then 
by (^i), the following map /[''i''^^] satisfies 



/'-"kx,y) = E (I) (X) -^rky) = E (I) (xAl::' +»!'■') (yB'-' 



Note that the presence of the integer yf/vrj is crucial to be able to substitute the mod vTj expressions for 
a[''^'(x) in (|82|) and ^l'^{y^ in (|83|) respectively, as if they were mod vf expressions. Now it is clear that 
jri>''2] indeed a quadratic polynomial over 

Next, we prove the existence of a quadratic polynomial /'''l for A^, r G 5, in ()86p . which is a little 
more complicated. One can prove the same result for (|87p similarly. 

Let r £ S and ej denote the vector in Z,^ whose i*^ entry is 1 and all other entries are 0. Then by 
(^4), for each i £ [sr], there exist ai^TLjq and bj = . . . , G Ztt, where G Ztt^. , such that 

n''"! n''"! - TT tn"-''^' for all Ti- (= 

-^(0,AH(x+e,))^(0,AW(x)) " '^TV H '^^i ' ail X G i:-^ . 



We have this equation because At''](x + e^) — A['"1(x) is indeed a vector in Ztt that is independent of x. 
To see this, its entry in AW(x + ej) — AM(x) is 



e,AM=4;] (mod.,). 



and thus the displacement vector A[''1(x + e^) — A[''1(x) is independent of x, and is in Aj.™ by definition. 
This is the a G Aj.™ in the statement of (^4) which we applied. 

Before moving forward, we show that uj'^ must be a power of lj^. This is because 



1 - ii ^{0,AM({i+l)eO)^(0,AM(ie,)) " ^"^n) [[ ■ (9U) 

i=o fce[. 



For each G [/i], the exponent of lo-,^^ is bi^^Qk S "^nk where Qk is the following summation: 

J2^t\j^^) = E (O'^^aM (mod TT,)) = I X; je. ) aM (mod .,) = 0. (91) 

j=0 j=0 \j=l ) 

The last equality comes from J = Yl]Zi J = (mod tt^), and this is due to our definition of vr. When 
p is odd, J is a multiple of vf and vTfc | vf; When p = 2, J is a multiple of 7f/2. However in this case, we 
have 7r/2 = vri and vr^ | vri. 

As a result, {oj'^Y — 1 and uj^ is a power of (jj^f. So there exists /3i G Z,^ for each i G [sr] such that 

= 4- n 4'"^""". >ii X e zr . (92) 



It follows that every non-zero entry of D^^l is a power of u)^. This uses (.F3): the (0, a^'"')*'' entry of 

is 1, and the fact that At''' is surjective to A,.: any point in A,, is connected to the normalizing point a'*"' 

by a sequence of moves Af'"](x) — > aM(x + ej), for i G [sr\- 

Now we know there is a function /['']: Zl'' Zijf satisfying (j86p . We want to show that we can take 
a quadratic polynomial /[""l for this purpose. To see this, by ([92]) . we have for every i G [s^]. 



91 



/W(x + e.) - /M(x) = A + E ((-) ■ = + E (-) ■ (xAM (93) 

We should remark that, originally bij is in l^-,,-.; however with the integer multiplier (vf/vrj), the quantity 
(Tr/vrj) • bij is now considered in Z:^. Furthermore, 

6jj = bi,j (mod vTj) implies that ^ — ftjj- = ^ — ftjj' (mod vf). 

Thus the expression in ([93]) happens in Z^. It means for any i £ [sr], there exist Cj^O; Q,!; • • • > Q.Sr ^ ^5?! 

/M(x + e,) - /M(x) = Q,o + E (94) 

Since -^jo A[r](o)) ~ ^' /'^'(O) is 0. The case when the prime p is odd follows from the lemma below. 

Lemma 12.4. Let f be a map from %%, for some positive integer s > 1, to Z^, and n is a power of an 
odd prime. Suppose for every i G [s], there exist Ci^, Cj^i, . . . , Ci^s £ ^tt such that 

/(x + ei) - /(x) = Cifi + ^ CijXj, for all x G Z^, 

and /(O) = 0. Then there exist Oij, Oj G smc/i t/iai 

/(x) = E aijXiXj + E "i^i' /o*^ X G Z^. 
i<je[s] ie[s] 

Proof. First note that / is uniquely determined by the conditions on /(x + e^) — /(x) and /(O). Second 
we show that Cij = cj^i for all i,j G [s]; otherwise / does not exist, contradicting the assumption. 
On the one hand, we have 

/(ei + ej) = f{ei + e^) - /(ej) + /(ej) - /(O) = Ci,o + + Cj,o- 

On the other hand, 

/(ei + ej) = f{ei + e^) - /(ei) + /(ei) - /(O) = Cj- o + Cj- i + Ci^. 

As a result, we have Cij = cj^i. 

Finally, we set Oij = Cij for all i < j £ [s]; 

ai,i = Ci,i/2, for all i G [s]; 

(Here Ci^i/2 is well defined because vr is odd) and Oj = q^q — for all i G [s]. We now claim that 

g{x) = ^ OijXiXj + E "-i^i 
i<je[s] ie[s] 

satisfies both conditions and thus, f = g. To see this, we check the case when i = 1 and the other cases 
are similar: 

5(x + ei) - 5t(x) = 2ai,ixi + ^ aijXj + (ai,i + oi) = ci,ixi + E ^1^2;^ + ci,o. 
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The case when p = 2 is a Httle more comphcated. We first claim for every i S [s], the constant 
in (jM|) must be even. This is because 

= /M(?fe,) - /M((5f - l)e,) + . . . + /M(e,) - /M(0) = n ■ q,o + - 1 + ?f - 2 + . . . + 1 + 0). 

This equality happens in Z^f. So 

Cj,j-2 - 1) = (mod vf). 
When TT — 1 is odd we have 2 | Cj^j. It follows from the lemma below that /''"l is a quadratic polynomial. 

Lemma 12.5. Let n be a power of 2 and f be a map from to Z^r, for some positive integer s > 1. 
Suppose for every i £ [s], there exist Cifi, Cj^i, . . . , Ci^s G '^n, where 2 | Ci^i, such that 

/(x + Bi) - /(x) = Cifi + ^ CijXj, for all x G Z^, 

anc? /(O) = 0. Then there exist Uij, ai S Z^ SMc/i t/iat 

/(x) = ^ OijXiXj + ^ fljXi, /or a// x G Z^. 

i<je[s] ie[s] 

Proof. The proof of Lemma 112.51 is essentially the same as in Lemma 112. 4[ The only thing to notice is 
that, because 2 | Cj^j, Oi^i = Ci^i/2 is well defined (in particular, when = 0, we set Oi^i = 0). □ 

12.3 Proof of Theorem fT2Jl 

Now we turn to the proof of Theorem ll2.lt EVAL(g) is tractable for any prime power q. 

Actually, there is a well-known polynomial-time algorithm for EVAL(g) when g is a prime (see |15j . 
The algorithm works for any finite field). In this section we present a polynomial-time algorithm that 
works for any prime power q. We start with the easier case when q is odd. 

Lemma 12.6. Let p be an odd prime, and q = p^ for some positive integer k. Let f G Zg[xi, . . . , Xn] be 
a quadratic polynomial over n variables xi, . . . , x„. Then the following sum 

^1 V ■ !^ri 

can be evaluated in polynomial time [in n). Here by a quadratic polynomial over n variables we mean 
a polynomial where every monomial term has degree at most 2. 

Proof. In the proof, we assume /(xi, X2, . . . ,Xn) has the following form: 

f{xi, ...,Xn)= ^ CijXiXj + ^ CiXi + Co. (95) 

*<i£M ie[n] 

where all the Cij and Ci are elements in Zg. 

First, as a warm up, we give an algorithm and prove its correctness for the case k = 1. In this case 
q = p is an odd prime. Note that if / is an affine linear function, then the evaluation can be trivially 
done in polynomial time. In fact the sum simply decouples into a product of n sums 

n 

Xl,X2, ■■■,Xn£l:q Xl,X2,---,X„£'Zq 1 = 1 XiGZq 
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This sum is equal to if any q S Zg is non-zero, and is equal to q^'u^" otherwise. 

Now assume f{xi, . . . ,Xn) is not affine linear. Then in each round (which we will describe below), 
the algorithm will decrease the number of variables by at least one, in polynomial time. 

Assume / contains some quadratic terms. There are two cases: / has at least one square term; or / 
does not have any square term. In the first case, without loss of generality, we assume that ci^i S is 
non-zero. Then there exist an affine linear function g G Zq[x2,X3, . . . ,Xn], and a quadratic polynomial 
/' G Zq[x2, X3, . . . , Xn] , both ovcr n — 1 variables X2 , X3 , . . . , a;„ , such that 

f{xi,X2, ...,Xn)= ci,i(a;i + g{x2,X3, . . . ,a;„))^ + f'{x2,X3, . . . 

Here we used the fact that both 2 and ci^i G are invertible in the field Zg (Recall we assumed that 
q = p IS an odd prime). Thus we can factor out a coefficient 2ci_i from the cross term xiXi, for every 
i > 1, and from the linear term xi, to get the expression ci,i(xi + g{x2, ■ ■ ■ ,x„))^. 

For any fixed X2, . . . , G Z^, when xi goes over Z^, xi + g{x2, • • • , Xn) also goes over Z^. Thus, 



Xl,X2,...,X„£7,q X2,...,X„£Zq Xl£Zq X&q 



2^ 



The first factor can be evaluated in constant time (which is independent of n) and the computation of 
Zq{f) is reduced to the computation of Zq{f') in which /' has at most n — 1 variables. 

Remark: The claim of being "computable in constant time" is a trivial statement, 

since we consider q = p to he a fixed constant. However, for a general prime p, we remark 
that the sum is the famous Gauss quadratic sum, and has the closed formula 



Wp^^ =p, if c = 0, and it is ( - | • G, if c / 0, where G = ( - j 

x&p xeZp 



Here y^j is the Legendre symbol, which can be computed in polynomial time in the binary 
length of c and p, and G has the closed form G = if p = 1 mod 4 and G = +iy^ if 

p = 3 mod 4 0. 

The second case is that all the quadratic terms in / are cross terms (in particular this implies that 
n > 2). In this case we assume, without loss of generality, that ci^2 is non-zero. We apply the following 
transformation: xi = x\ + x'2 and X2 = x'^ — x'2- As 2 is invertible in Zg, when x'l and x'2 go over Z^, Xi 
and X2 also go over Z^. Therefore, we have 

E J(xi,X2,---,Xn) _ \ ^ , /(2:'i+a:2,Xj-a;2,...,a;„) 

LOg - u)g 

If we view /(x'j^ + x^-, x'^ — X2, . . . , x„) as a new quadratic polynomial /' of x'j^, X2, . . . , x„, its coefficient 
of x'l is exactly ci^2 7^ 0, so /' contains at least one square term. This reduces our problem back to the 
first case, and we can use the method above to reduce the number of variables. 

By repeating this process, we get a polynomial-time algorithm for computing Zq{f) when q = p is 
an odd prime. Now we consider the case when q = p^. 



^It had been known to Gauss since 1801 that — {^^j P- Thus G = ±^ if p = 1 (mod 4) and G = ±^^/p if p = 3 
(mod 4). The fact that G always takes the sign + was conjectured by Gauss in his diary in May 1801. Four years later, 
on Sept 3, 1805, he wrote, ... Seldom had a week passed for four years that he had not tried in vein to prove this very 
elegant theorem mentioned in 1801 ... "Wie der Blitz einschlagt, hat sich das Rathsel gelost ..." ("as lightning strikes was 
the puzzle solved ..."). 
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For any non-zero a ^ "Lq, we can write it as a = p*a', where t is a unique non-negative integer, such 
that p \ a' . We call t the order of a (with respect to p). Again, if / is an affine linear function, Zq(f) is 
easy to compute, as the sum factors into n sums as before. Now we assume / has non-zero quadratic 
terms. Let to be the smallest order of all the non-zero quadratic coefficients Cij of /. We consider the 
following two cases: there exists at least one square term with coefficient of order to or not. 

In the first case, without loss of generality, we assume ci^i = p*"c and p f c (so c is invertible in Zg). 
Then by the minimality of to, every non-zero coefficient of a quadratic term has a factor p*". Now we 
factor out ci^i from every quadratic term involving xi, namely from x\,xiX2, ■ ■ ■ ,xiXn (clearly it does 
not matter if the coefficient of a term xiXj, i 7^ 1, is 0). We can write 

f{xi,X2, . . . , Xn) = ci,i (xi -|- g{x2, • • • , Xn))"^ + cixi + a qurdratic polynomial in {x2, ■ ■ ■ , Xn), 
where is a linear form over X2, ■ ■ ■ , Xn- By adding and then subtracting Cig{x2, . . . , we get 

f{xi,X2, ...,Xn)= Cl,l(xi + g{x2, ■ ■ ■ , Xn)Y + Cl{xi + g{x2, ■ ■ . + f'{x2, ■ ■ ■,Xn), 

where f'{x2, . . . , x„) G Zg[x2, . . . , Xn] is a quadratic polynomial over X2, ■ ■ ■ Xn- 

For any fixed X2, . . . , x„ S Zg, when xi goes over Zg, xi + g{x2, • • • , x„) also goes over Zg. Thus, 

The first term can be evaluated in constant time and the problem is reduced to Zq{f') in which /' has 
at most n — 1 variables. 

In the second case, all the square terms of / are either or have orders larger than to- Then we 
assume, without loss of generality, that ci^2 = P^^c and p ] c. We apply the following transformation: 
xi = x\ + x'2 and X2 = x\ — x^- Since 2 is invertible in Zg, when x'l and x'2 go over Zg, xi and X2 also 
go over Zg. After the transformation, we get a new quadratic polynomial over x'^^x^^x^, . . . ,x„ such 
that Zq{f') = Zq{f). It is easy to check that to is still the smallest order of all the quadratic terms of 
/': The terms and X2 (in /) produce terms with coefficients divisible by p''°^^, the term X1X2 (in /) 
produces terms x'^^ and with coefficients of order exactly to, and terms xiXi or X2Xi, for i 7^ 1,2, 
produce terms x'^Xi and x'2Xi with coefficients divisible by p*". In particular, the coefficient of {x'^)"^ in 
/' has order exactly to, so we can reduce the problem to the first case. 

To sum up, we have a polynomial-time algorithm for every q = p^, when p ^ 2. □ 

Now we deal with the more difficult case when g = 2^^ is a power of 2, for some k > 1. We note that 
the property of an element c G Z2fe being even or odd is well-defined. We will use the following simple 
but important observation, the proof of which is straightforward: 

Lemma 12.7. For any integer x and integer k > 1, {x + 2^^^)"^ = (mod 2^). 

Lemma 12.8. Let q = 2^ for some positive integer k. Let f G Zg[xi, . . . , x^] be a quadratic polynomial 
over n variables xi, • • • , x^f Then Zq{f) can be evaluated in polynomial time {in n). 

Proof. If = 1, Zq(f) is computable in polynomial time according to |15j so we assume k > 1. We also 
assume / has the form as in (j95p . 

The algorithm goes as follows: For each round, we can, in polynomial time, either 

1. output the correct value of Zq{f); or 
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2. construct a new quadratic polynomial g E 'Zg/2[^ij ■ ■ ■ ^^n] and reduce the computation 
of Zg{f) to the computation of Zg/2{g); or 

3. construct a new quadratic polynomial g £ . . . and reduce the computation 
of Zq{f) to the computation of Zq{g). 

This gives us a polynomial-time algorithm for EVAL(g) since we know how to solve the two base cases 
when fc = 1 or n = 1 efficiently. 

Suppose we have a quadratic polynomial / G Zq[xi, . . . , x^]. Our first step is to transform / so that 
all the coefficients of its cross terms (cjj, where i ^ j) and linear terms (cj) are divisible by 2. Assume 
/ does not yet have this property. We let t be the smallest index in [n] such that one of {q, ctj :j > t} 
is not divisible by 2. By separating out the terms involving xt, we rewrite / as follows 

/ = Ct,t ■ xf +Xt ■ . . . ,Xt, . . . ,Xn) + f2{xi, ...,Xt,.. . (96) 

where /i is an affine linear function and /2 is a quadratic polynomial. Both /i and /2 are over variables 
{xi, . . . ,Xn} — {xt}- Here the notation xt means that xt does not appear in the polynomial. Moreover, 

. . . ,Xt, . . . ,Xn) = '^Ci^tXi + '^CtjXj + Ct. (97) 

i<t j>t 

By the minimality of t, Ci^t is even for all i < t, and at least one of {qj, ct : j > t} is odd. 
We claim that 

Zqif)= Yl = E (98) 



fi{xi,...,xt,...,Xn) = mod 2 



This is because 



fi = l mod 2 /i = 1 mod 2 



However, for any fixed xi, . . . ,xt, . . . , x„, X^xtsz, u;^^''^*'''^*'^^^'^^ is equal to uj^l times 



^2^ 



a;te[0:2fc-l-l] a,-tG[0:2fc-i-l] 

since /i = 1 mod 2, and 1 + (—1)-^^ = 0. Note that we used Lemma 112.71 in the first equation. 

Recall /i (see ()97p ) is an affine linear form of {xi, . . . ,xt, ■ ■ ■ , Xn}- Also note that Cj.^ is even for all 
i < t, and one of {qj, ct : j > t} is odd. We consider the following two cases. 

In the first case, ctj is even for all j > t and q is odd. Then for any assignment (xi, . . . ,xt, . . . , x„,) 
in Zg^^, fi is odd. As a result, by ([98]) . Zf,(/) is trivially zero. 

In the second case, there exists at least one j > t such that ctj is odd. Let i > t he the smallest of 
such j's. Then we substitute the variable X£ in / with a new variable x'^ over Z^, where (since ct/ is 
odd, Ct/ is invertible in Zg) 



j 2x^ - j E d/Xi + Y (^t,jXj + Q j j . (99) 
i<t j>t,j^i 



and let /' denote the new quadratic polynomial in Zg[xi, . . . , x^, . . . , x^]. 
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We claim that 

Z,{f') = 2.Z,{f) = 2. Yl 

/i =0 mod 2 

To see this, we define the following map from to : 

(Xi, . . . , X£, . . . , Xn) I— > (Xi, . . . , Xl, . . . , Xfi), 

where xi satisfies ([99]) . It is easy to show that the range of the map is the set of (xi, . . . , xi, . . . , Xn) in 
Z^ such that /i is even. Moreover, for every such tuple (xi, . . . , x^, . . . , x„) the number of its preimages 
in Zg is exactly two. The claim then follows. 

So to compute Zq{f), we only need to compute Zq{f'). The advantage of /' G Zg[xi, . . . , x^, . . . , x„] 
over / is the following property that we are going to prove: 

(Even): For every cross term and linear term that involves xi, . . . ,xt, its coefficient in /' is even. 

To prove this, we divide the terms of /' (that we are interested in) into three groups: Cross and linear 
terms that involve xt] linear terms x^, s < t; and cross terms of the form XgXs', where s < s' , s < t. 

Firstly, we consider the expression (j96p of / after the substitution. The first term ct^tXf remains the 
same; The second term xtfi becomes 2xtx'g by ([99|) : and Xt does not appear in the third term, even 
after the substitution. Therefore, condition (Even) holds for xj. 

Secondly, we consider the coefficient of the linear term x^ in where s < t. Only the following 
terms in / can possibly contribute to c^: 

CgXs, cg^exj, Cs/XgXe, and cexg. 

By the minimality of t, both Cg and Cg/ are even. For ci^ex'j and ccxe, although we do not know whether 
C£^£ and Q are even or odd, we know that the coefficient — c^/c^^t of x^ in (|99|) is even since Cs^t is even. 
As a result, for every term in the list above, its contribution to c'g is even and thus, c'g is even. 

Finally, we consider the coefficient ^, of the term XgXgi in /', where s < s' and s < t. Similarly, 
only the following terms in / can possibly contribute to ^/ (Here we consider the general case when 
s' 7^ i. The special case when s' = £ is easier) 

Cs,s'XsXs', ci/xj, Cs/XgXe, and ce^s'XeXg' (or Cs'/Xg'Xe). 

Again, by the minimality of t, Cg^s' and Cg/ are even. Moreover, the coefficient —c^^Cg^t of x^ in ()99p is 
even. As a result, for every term listed above, its contribution to c'^ ^, is even and thus, c'^ ^, is even. 

To summarize, after substituting xi with x'^ using ([99l) . we get a new quadratic polynomial /' such 
that Zq(f') = 2 ■ Zq{f), and for every cross term and linear term that involves xi, . . . ,xt, its coefficient 
in /' is even. We can repeat this substitution procedure on /': Either we show that Zq{f') is trivially 0, 
or we get a quadratic polynomial /" such that Zq{f") = 2 ■ Zq{f') and the parameter t increases by at 
least one. As a result, given any quadratic polynomial /, we can, in polynomial time, either show that 
Zq{f) is zero, or construct a new quadratic polynomial 5 G Zg[xi, . . . , x^] such that Zq{f) = 2^ ■ Zq{g), 
for some known integer k € [0 : n], and every cross term and linear term has an even coefficient in g. 

Now we only need to compute Zq(g). We will show that, given such a polynomial g in n variables, 
we can reduce it to either EVAL(2'^'~^) = E\/AL[q/2), or to the computation of Zq{g'), in which g' is a 
quadratic polynomial in n — 1 variables. 

Let 

g = ^ aijXiXj + ^ a-iXi + a, 

j<iG[n] jG[n] 
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then we consider the fohowing two cases: a^^i is even for ah i G [n]; or at least one of the Oj^j's is odd. 

In the first case, we know Uij and Oj are even for all i < j £ [n]. We let a'^ j and denote integers 
in [0 : 2^^^^ — 1] such that Uij = 2a^j (mod q) and Oj = 2a^ (mod q), respectively. Then, 



2( E,<jG[n] <^'^,J^^^j+T,^eln] 



2" • • Z2fc 



(50 



where 



i<je[n] 



is a quadratic polynomial over = ^2'=-i- This reduces the computation of Zq{g) to Zq/2{g'). 
In the second case, without loss of generality, we assume ai^i is odd. Then we have 

/ = ai^i{xl + 2xi5i) + 52 = ai,i(a;i + 51)^ + 9 , 

where gi is an affine linear form, and g2,g' are quadratic polynomials, all of which are over X2, ■ ■ ■ , Xn- 
We are able to do this because aij and ai, for all j > 2, are even. Now we have 



Z,(9) 



11,1(^1+91)^+9' 



E -r-E 



ai,i(a;i+gi)^ 



X2 V -l-^T) 



ai,i3 

1 XG^g 



The last equation is because the sum over xi G is independent of the value of gi. This reduces the 
computation of Zq{g) to Zq{g') in which g' is a quadratic polynomial in n — 1 variables. 

To sum up, given any quadratic polynomial /, we can, in polynomial time, either output the correct 
value of Zq{f); or reduce one of the two parameters, k or n, by at lease one. This gives us a polynomial 
time algorithm to evaluate Zq[f). □ 



13 Proof of Theorem [62] 

Let A be a symmetric, non-bipartite and purified matrix. After collecting its entries of equal norm in 
decreasing order (by permuting the rows and columns of A), there exist a positive integer N , and two 
sequences k and m such that (A, (A^, K,m)) satisfies the following condition: 

{S'l) Matrix A is an m x m symmetric matrix, k = K2, . . . , k^} is a sequence of positive rational 
numbers of length s > 1 such that ki > K2 > • • • > '^s > 0. m = {mi, . . . , rus} is a sequence of 
positive integers such that m = Y^rrii. The rows (and columns) of A are indexed by x = {xi,X2) 
where xi G [s\ and X2 G [m^;^]. For all x, y, we have 



^(xi,X2),(j/l,y2) ~ l^-XlKyiS: 



where S = {5x,y} is an m x m symmetric matrix in which every entry is a power of iojsf. 



^^llmi 



K2I 



1712 



\ 



*),(!,*) S(l,*),(2,*) ••• 



S(2,*),(l,*) S(2,*),{2,*) 



'5(2,*), (s,*) 
S(s,*),(s,*)/ \ 



K2I. 



m2 



where is the x rrii identity matrix. 
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We use / to denote 

I={{i,j)\i(^ e [m,]}. 

The proof of Theorem 16.21 just hke the one of Theorem 15.21 consists of five steps. Ah the proofs, as 
one will see, use the following strategy: We construct, from the m x m matrix A, its bipartisation A' 
(which is a 2m x 2m symmetric matrix). Then we just apply the lemmas for the bipartite case to A', 
and show that A' is either ^^P-hard or has certain properties. Finally, we use these properties of A' to 
derive properties of A. 

We need the following lemma: 

Lemma 13.1. Let A be a symmetric matrix, and A' be its bipartisation, then EVAL(A') < EVAL(A). 

Proof. Suppose A is an m x m matrix. Let G be a connected undirected graph. If G is not bipartite, 
then .^A'(G) is trivially 0, since A' is the bipartisation of A. Otherwise, we assume G = {U L) V, E) to 
be a bipartite and connected graph, and u* be a vertex in U. It is easy to show that 

Za{G, u* ,i) = Za'{G, u* ,i) = Za'{G, u* ,m + i), for any i £ [m]. 

It then follows that Za'(G) = 2 • Za(G), and EVAL(A') < EVAL(A). □ 

13.1 Step 2.1 

Lemma 13.2. Suppose (A, {N, k, m)) satisfies {S[), then either EVAL(A) is #P-hard or (A, (N, k, m)) 

satisfies the following condition: 

{S2) For all X, x' G /, either there exists an integer k such that Sx,* = uj% • Sx',*; or for every j € [s], 

(Sx,(j,*),Sx',(j») = 0. 

Proof. Suppose EVAL(A) is not ^^P-hard. 

Let A' denote the bipartisation of A. Then by Lemma dSTTl EVAL(A') < EVAL(A), and EVAL(A') 
is also not ^^P-hard. It is easy to check that (A', (A^, ft, k, m, m) satisfies condition {Si), so by Lemma 
18.21 together with the assumption that A' is not #P-hard (also note that the S matrix in Lemma 18.21 is 
exactly the same S we have here), S satisfies (^2) which is exactly the same as (^2) here (note that in 
Lemma [8r2l S also need to satisfy (^3), but since S is symmetric here, (^3) is the same as (52))- D 

We also have the following corollary. The proof is exactly the same as the one of Corollary 18.31 

Corollary 13.1. For all i,j G [s], the {i,jY^ block matrix S(j has the same rank as S. 

Next, we apply the Cyclotomic Reduction Lemma on A to build a pair (F,2!)) such that 

EVAL(A) = EVAL(F,D). 

Let h = rank(S). By Corollarv 113.11 it can be easily proved that there exist 1 < ii < . . . < < mi 
such that, the {(l,ii), . . . , {l,ih)} x {(l,ii), . . . , (l,i/i)} submatrix of S has full rank h (using the fact 
that S is symmetric). Without loss of generality (if this is not the case, we can apply an appropriate 
permutation 11 to the rows and columns of A so that the new S has this property), we assume i^ = k 
for all k £ [h]. We use H to denote this h x h symmetric matrix: Hij = 5'(i_j)^(ij). 

By Corollary 113.11 and Lemma 113.21 for any index x S /, there exist two unique integers j G [h] and 
A; G [0 : iV - 1] such that 

Sx,* = tA^AT • S(i j) and S=k,x = "^at • S*_(ij). (100) 
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This gives us a partition of the index set / 

^ = {Rii,j),k I i G H,i e [/i], A: G [0 : TV - 1]}, 
as follows: For every x E I, x € iff i = xi and x, j, k satisfy p(JU|) . By Corollary 113. H we have 

IJ ^{i.j),k / 0> for all i S [s] and j G [/i]. 

fce[0:Ar-l] 

Now we define (F,S)) and use the Cyclotomic Reduction Lemma together with M to show that 

EVAL(F,D) = EVAL(A). 
First, F is an sh x sh matrix. We use /' = [s] x [h] to index the rows and columns of F. Then 

-Fx,y = ^xil^yiHx2,y2 — ^j/i 'S'(i^x2),(l,j/2) ' fo'^ X, y G / . 

or equivalently, 



/kiI \ /H H ... H\ /kiI 

K2I H H ... H 



V KjJ Vh H ... H/ V 



K2I 



where I is the h x h identity matrix. 

Second, S) = {DI'^] , • • • , D^^^^l} is a sequence of diagonal matrices of the same size as F. We use 
I' to index its diagonal entries. The x*'^ entries of D are generated by (|^(a;i,a;2),ol) ■ ■ ■ 1 \R{xi,x2),N-i\)- 



N-l 



= Yl l%i,-2),fc| • ^N, for aU r G [0 : iV - 1], X G 

k=0 

The following lemma is a direct application of the Cyclotomic Reduction Lemma (Lemma 18. ip . 
Lemma 13.3. EVAL(A) = EVAL(F,D). 

Proof. First we show that matrix A can be generated from F using Let x, y G /, x G R(xi,j),k and 
y G R(^y^ji^^j^t for some j, k,j', k' , then by (jlOOp . 



A^y — K,xif^yi_S-x_^y — KxiK,yiS(^i j-j y ■ LOj^ — ^^i^yi^{l,j),('i-,j') ' ^ 



k+k' 
N 



k+k' 



On the other hand, the construction of T> implies that D can be generated from the partition 
The lemma then follows directly from the Cyclotomic Reduction Lemma. □ 

13.2 Steps 2.2 and 2.3 

Now we get a pair (F,2)) that satisfies the following condition (Shape:): 

{Shape'i): F G C*"^™" (note that this m is different from the m used in Step 2.1) is an symmetric s x s 
block matrix and we use I = [s] x [h] to index its rows and columns. 

(Siiape'2): There is a sequence k = {ki > . . . > > 0} of rational numbers together with an h x h 
matrix H of full rank, whose entries are all powers of uj]\f, for some positive integer A^. We have 



Hx2,y2, forallx,yG/. 
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{Shape'^): D = {D'''], . . . ,0^^ ""^1} is a sequence of N m x m diagonal matrices. T> satisfies (Ts), so 

I^M ^ D^J^~''\ for all r G [iV - 1], and x G /. 

Now suppose EVAL(F,S) is not #P-hard. 

We build the following pair (C,2)): C is the bipartisation of F and 2) = {D'^I, . . . ,D[^-^1}, where 

dM = (^^^'^ , for all r G [0 : iV - 1]. 

The proof of the following lemma is the same as the one of Lemma I13.1[ 

Lemma 13.4. EVAL(C,S) < EVAL(F,D). 

By Lemma [133] above, we have EVAL(C,2)) < EVAL(F,2)), and EVAL(C,S)) is also not #P-hard. 
Using {Shape'i)-{Shap^^), one can check that (C,®) satisfies {Shapei)-{Shape3). Therefore, by Lemma 
18.41 and Lemma \87l\ (C,SD) must also satisfy {Shape4)-{ShapeQ). Since (C,S) is built from (F,2)), we 
have the latter must satisfy the following conditions: 

(Shap^^): -^-H is unitary: (Hi^^jHj^^,) = (H^,^j, H^kj) = for all i j & [h]; 
(Shape's): D^^^ = ^g^^ ^ for ah x G /; 

(Siiape^): For every r G [A^ — 1], there exist two diagonal matrices: KM G C*^* and LM G C^^^. 
The norm of every diagonal entry in L^^'J is either or 1. We have 

dM = kM lM , for any r G [TV - 1] . 

Moreover, for any r G [A^ — 1], 

kW = ^ lM = and L^ / =^ 3i G [h], = 1. 

In particular, {Shape'^) means by setting 

= Z)M^^ and if = 1, for all i G [s] and j G [h]. 

we have DI*^] = K^'^] L^'^], where LI'^I is the h x h identity matrix. By (T^) in (SLape^), every entry of 
K^'^l is a positive integer. 

13.3 Step 2.4 

Suppose (F,S)) satisfies conditions {Shap^i)-{Shap^Q). By (Sliape'2), we have F = M(g)H, where M is 
the s X s matrix of rank 1: Mj j = KiKj for all i,j G [s]. 

We now decompose EVAL(F,D) into two problems EVAL(M, .^) and EVAL(H,£), where 

^ = {Km,...,K[^-il}, and £ = {L™ , . . . , Lt^-^}. 

The proof of the following lemma is essentially the same as the one of Lemma 18.101 
Lemma 13.5. EVAL(F,D) = EVAL(H,£). 
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13.4 Step 2.5 



We normalize the matrix H, in the same way we did for the bipartite case, to obtain a new pair that 
1). satisfies conditions {U[)-{U'^] and 2). is polynomial-time equivalent to EVAL(H,£). 

14 Proofs of Theorem 16.31 and Theorem 16.41 

Let ((M, A''), F, 2)) be a triple that satisfies {U[)-{U'^. We prove Theorem 16.31 and 16.41 in this section. 

We first prove that, if F does not satisfy the group condition (^C), then EVAL(F,£)) is ^^P-hard. 
This is done by applying Lemma |9. II (for the bipartite case) to the bipartisation C of F: 

Lemma 14.1. Let ((M, A^), F, 2)) he a triple that satisfies conditions (U[)-{U'^), then either the matrix 
F satisfies the group condition (GC), or EVAL(F,2)) is #P-hard. 

Proof. Suppose EVAL(F,S)) is not #P-hard. 

Let C and = {E^, . . . , E^^"^!} denote the bipartisations of F and D, respectively: 

C=(° ly and eH=(^D^'"' ^0^,), for all r G [0 : - 1]. 

By using {U[)-{U'^), one can show that ((M, A^), C, €) satisfies {Ui)-(pl4). Furthermore, by Lemma [13.41 
we have EVAL(C, (£) < EVAL(F,2)) and thus, EVAL(C, (£) is also not #P-hard. It then follows from 
Lemma |9. II that F satisfies the group condition {QC). □ 

14. 1 Proof of Theorem EH 

We prove Theorem 16.31 again, by using C and C;: the bipartisations of F and 2), respectively. 

Suppose EVAL(F,5)) is not #P-hard. On the one hand, EVAL(C, < EVAL(F,D) and EVAL(C, 
is also not #P-hard. On the other hand, ((M, A'"), C, ^) satisfies conditions iUi)-{Ui). As a result, by 
Theorem 15.31 ^ must satisfy ilA^): Every entry of E'''], r S [A^ — 1], is either or a power of ujn- It then 
follows directly that every entry of DW, r G [A^ — 1], is either or a power oi ujm- 

14.2 Proof of Theorem IGTI 

In this section, we prove Theorem 16.41 

However, we can not simply reduce it, using pair (C, ^), to the bipartite case (Theorem 15. 4p . The 
reason is because, in Theorem 16.41 we are only allowed to permute the rows and columns symmetrically, 
while in Theorem 15.41 one can use two different permutations to permute the rows and columns. But 
as we will see below, for most of the lemmas we need here, their proofs are exactly the same as those 
for the bipartite case. The only exception is the counterpart of Lemma 19.51 in which we have to bring 
in the generalized Fourier matrices (see Section 4.3 for the definition). 

Suppose F satisfies [QC) (otherwise we already know that EVAL(F,2)) is #P-hard). 

We let denote the set of row vectors {F,_=k} of F and F'-' denote the set of column vectors {F*j} 
of F. Since F satisfies (^C), by Property 19. 1| both F^ and F^ are finite Abelian groups of order m, 
under the Hadamard product. 

We start the proof by proving a symmetric version of Lemma 19.41 stating that when M = pq and 
gcd(p, g) = 1 (note that p and q are not necessarily primes), F (after an appropriate permutation) is 
the tensor product of two smaller discrete unitary matrices, both of which satisfy the group condition. 
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Lemma 14.2. Let F G C"*^™ he a symmetric M -discrete unitary matrix that satisfies {QC). Moreover, 
M = pq, p,q > 1 and gcd(p, q) = 1. Then there is a permutation 11 : [0 : m — 1] — > [0 : m — 1] such that 



' n,n 



F' F" 



where F' is a symmetric p- discrete unitary matrix, F" is a symmetric q- discrete unitary matrix, and 
both of them satisfy {GC). 

Proof. The proof is almost the same as the one of Lemma 19.41 The only thing to notice is that, as F is 
symmetric, the two correspondences f,g that we defined in the proof of Lemma 19.4^ from [0 : m — 1] to 
[0 : m' — 1] X [0 : m" — 1], are exactly the same. As a result, the row permutation 11 and the column 
permutation T, that we apply on F are the same. □ 

As a result, we only need to deal with the case when M = is a prime power. 

Lemma 14.3. Let F G (f^'^ixm ^ symmetric M -discrete unitary matrix that satisfies {GC). Moreover 
M = pf^ is a prime power, p ^ 2, and /? > 1. Then there must exist an integer k £ [0 : m — I] such that 
Fk,k = '^m'* and p f ak,k- 

Proof. For i,jG [0 : m — 1], we let atj denote the integer in [0 : M — 1] such that Fij = of^'\ 

Assume the lemma is not true, that is, p \ at^k for all k. Since F is M-discrete unitary, there must 

exist i ^ j ^ [0 : m — 1] such that p \ dij. Without loss of generality, we assume p f 02,1 = ai,2- 
As F satisfies (GC), there must exist a k £ [0 : m — 1] such that F^^^, = Fi^* o F2,*. However, 

'^k,k rp TP TP T7 T? TP TP TP TP «! , 1 +"2,2 +2Q!1 ,2 

i-t^M ~ ^k,k — ^l,k-r2,k — -rfc,l-rfe,2 — -C^l,l-f^2,l-ri,2-C^2,2 — i^m ' 

and ak^k = "1,1 + "2,2 + 2q;i,2 (mod M) implies that = + + 2ai^2 (mod p). Since p ^ 2 and p f ai^2 
we get a contradiction. □ 

The next lemma is the symmetric version of Lemma 19.51 showing that when there exists a diagonal 
entry ^ such that p f ctfc^fc, then F is the tensor product of a Fourier matrix and a discrete unitary 
matrix. Note that this lemma also applies to the case when p = 2. So the only case left is when p = 2 
but 2 I Oi^i for all i € [0 : m — 1]. 

Lemma 14.4. Let F G C"^^™ be a symmetric M-discrete unitary matrix that satisfies (GC). Moreover, 
M = p^ is a prime power. If there exists a k £ [0 : m — 1] such that F^^k = and p\ a, then one can 
find a permutation 11 such that 

Fn,n = ^M,a ® F', 

where F' is a symmetric M' -discrete unitary matrix, M' = p^ for some /?' < (3, and F' satisfies (GC). 

Proof. The proof is exactly the same as the one of Lemma 19.51 by setting a = k and b = k. The only 
thing to notice is that, as F is symmetric, the two correspondences / and g that we defined in the proof 
of Lemma 19.51 are the same. As a result, the row permutation 11 and the column permutation S that 
we apply on F are the same. Also note that, since Fk^k = ([65|) becomes 



"-f(xi,3;2),(j/i,j/2) ■ "-^(0,0:2), (0,j/2)- 

This explains why we need to use Fourier matrix J-m,cx here. □ 
Finally, we deal with the case when p = 2 and 2 | Oj^j for all i G [0 : m — 1]. 
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Lemma 14.5. Let F € C™'^™ be a symmetric M -discrete unitary matrix that satisfies condition (GC). 
Moreover, M = 2^ and 2 | ai^i for all i ^ [0 : m — 1]. Then one can find a permutation H together with 
a symmetric non-degenerate matrix W in (see Section 4.3 for definition) such that 

Fn,n = ^M,w ® F', 

where F' is a symmetric M' -discrete unitary matrix, M' = 2^ for some (5' < (5, and F' satisfies {QC). 

Proof. By Property 19.21 there exist two integers a such that Fa^b = Pb,a = ^M- Let Fa^a = and 
Ffj^b = The assumption of the lemma imphes that 2 | a^, a;,. 
We let S'^''' denote the following subset of F^: 

S''^' = {UG \ua = Ub = 1}. 

It is easy to see that S""'^ is a subgroup of F^. On the other hand, let 5" denote the subgroup of F^ 
that is generated by F^^*, and denote the subgroup generated by Fb^^,: 

S'^ = {{Fa,.f, (F,,,)\ . . . , (Fa,,)''-'} and 5" = {(F,,,)^, (F,,,)i, . . . , {Fb,.)''-'}. 

We have IS""! = \S'^\ = M, because Fa^ = ujm- It is clear that (ui,U2,U3) i-^ ui o U2 o U3 is a group 
homomorphism from S"' (B (B 5'°''' to F^. We now prove that it is a surjective group isomorphism. 
Toward this end, we first note that the matrix W, where 

is non-degenerate. This follows from Lemma |6. 11 since det(W) = aa«fe — 1 is odd. 

First, we show that (ui, U2, U3) ui o U2 o U3 is surjective. This is because for any u G F^, there 
exist integers ki and k2 such that (since W is non-degenerate, by Lemma |6. 11 x Wx is a bijection) 

"a — ^a,a ^b,a ~ ^^^'^ ~ ^ a,b ^b,b ~ ' 

and thus, u o F^^,, o F^^^^ G It then follows that u = F^^^ o F^^^ o U3 for some ug e 

Second, we show that it is injective. Suppose this is not true. Then there exist k\, /c2, k[,k2 £ "^m, 
and u, u' G 5"'* such that (^1,^2, u) / {k[,k'2, u') but 

(F„,,)'=^ o (F,,,)'=2 o u = {Fa,.f'- o {Fb^^f^ o u'. 

If kl = k[ and k2 = k'2, then u = u', which contradicts with our assumption. Therefore, we may assume 
that £ = (^1,^2) = (^1 — k[,k2 — k'2)'^ / 0. By restricting on the a*'^ and h*^ entries, we get W£ = 0. 
This contradicts with the fact that W is non-degenerate. 

Now we know that (ui, U2, U3) 1— > ui o U2 o U3 is a group isomorphism from S"" ® ® S""'^ to F^. 
As a result, \S°''^\ = m/M"^ which we denote by n. Let 5"''' = {vq = 1, vi, . . . , v„-i}, then there exists 
a one-to-one correspondence / from [0 : m — 1] to [0 : M — 1] x [0 : M — 1] x [0 : n — 1], /(z) = (/i(i), 
/2(i),/3(«)), such that 

Fi,* = (Fa,,)^i» o (Ffe,,)^2« o vy3(i), for alH G [0 : m - 1]. (101) 
Since F is symmetric, this also implies that 

F.J = (F,,„)/i(j) o (F,,f,)/20) o v^3(,.), for all j g [0 : m - 1]. (102) 
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Note that /(a) = (1,0,0) and f{b) = (0,1,0). 

Finally we permute the rows and columns of F to obtain a new matrix G. For convenience, we use 
(xi,X2,a;3) and (2/1,2/2,2/3), where xi,X2,yi,y2 G [0 : M - 1] and 2:3,2/3 G [0 : n - 1], to index the rows 
and columns of G, respectively. We permute F using Il{xi, X2, X3) = f^^{xi,X2,X3): 

)• (103) 

Then by (fTOTD and (fT02D . 

G(xi,x2,x3),* = (G(i,o,o),*)^^ ° (G(o,i,o),*)^^ ° G(o,o,x3),* and 
^*,(yi,2/2,y3) = (G*, (1,0,0))^' ° (G*, (0,1,0))^^ ° G^, (0,0,2/3)- 

As a result, 

{xi,x2,x3),{yi,y2,y3 ) - (G'(i,o,o),(yi .2/2,2/3 ,1,0), (2/1 ,2/2,2/3)'' " ^(0,0,a:3),(j/i,{/2,2/3)' 

We analyze the three factors. First, we have (-^(^ o,o),(yi,j/2,2/3) equal to 

(^(1,0,0), (1,0,0))^' • (^(1,0,0), (0,1,0))^^ • G'(i,o,0),{0,0,j/3) = ^a,a " ' ^ys,a = '^M^''^^^ 

where Vy^^a denotes the a*'* entry of v^g. Similarly, G(o,i,o),{j/i ,1/2,2/3) ~ w^j^"''^^. Second, 

G'(0,0,X3),{3/i,j/2,2/3) = (G'(0,0,a;3), (1,0,0))^' • (^(0,0,0:3), (0,1,0) )^^ " G'(o,0,X3), (0,0,3/3) • 

By (fT03l) and (fT02]) we have 

^(0,0,0;), (1,0,0) = -^n(o,o,a;),n(i,o,o) = -^n(0,0,x),a • 
Then by pm|), Fn(o,o,x),a = ^^x,a = 1- Similarly, we have G(o,o,x),(o,i,o) = Vx,b = 1- Therefore, 

C = ,'^a-Xiyi+xiy2+X2y\+ai,X2y2 p 

'-^(xi,X2,X3),(j/i,j;2,2/3) ' ^(0, 0,2:3), (0,0, 3/3)- 

In other words, we have 

G = T My^ ® F', where W is non-degenerate and F' = {F[^j = G'(o,o,j),(o,o,i)) is symmetric. 

The only thing left is to show F' is discrete unitary and satisfies (GC). F' satisfies (GC) because S'"''' 
is a group and thus, closed under the Hadamard product. To see F' is discrete unitary, we have 

= (G(o,o,i),*, G(o,o,i),*> = ■ (F^^„F;.,), for any i / j G [0 : n - 1]. 
Since F' is symmetric, columns F^ ■ and F^ j are also orthogonal. □ 
Theorem 16.41 then follows from Lemma 114.31 Lemma 114.41 and Lemma Il4. 51 

15 Proofs of Theorem 16.51 and Theorem 16.61 

Suppose {{M,N),F,D, (d, >V,p,t, Q,/C)) satisfies (7^'). We first prove Theorem[63} either EVAL(F,D) 
is #P-hard or S) satisfies conditions and {£-2)- 

Suppose EVAL(F,2)) is not #P-hard. We use (C, G;) to denote the bipartisation of (F,2)). The plan 
is to show that (C, C;) (together with appropriate p',t' and Q') satisfies condition (TZ). 
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To see this is the case we permute C and G; using the following permutation S. We index the rows 
(and columns) of C and EM using {0, 1} x x Zq. We set S(l,y) = (l,y) for ah y G x Zq (that 
is, S fixes pointwise the second half of the rows and columns), and S(0,x) = (0,x'), where x' satisfies 

xo,i,i = W^J*Wo,i,i + ^2!i4,i,2> xo^i,2 = "W^Ji4,i,i + ^2!Uo,i,2> for all i G [g], 

and 

xi,i,j = h,j ■ x'l^ij, for all i £ [s] and j £ [U]. 

See {TZ') for definition of these symbols. 

Before proving properties of C^^s and we need to verify that S is indeed a permutation. This 
follows from the fact that W^, for every i G [g], is non-degenerate over Z^. , and kij, for all i G [s] and 
j G [ti], satisfies gcd{kij,qij) = 1 (so the x' above is unique). We use Eq to denote the (0,*)-part of S 
and / to denote the identity map: 

S(0, x) = (0, So(x)) = (0, x'), for all x G Z^ x Zq. 
Now can write Ce,s and C;s = {E^', . . . , E^^"*^'} as 

Ce,e=(p^^^ ^^0°-') and 4' = (^°|° j^m) ' for ah r G [0 : iV - 1]. (104) 

We make the following observations: 

Observation 1: EVAL(Ce,s, ^s) = EVAL(C, e) < EVAL(F, D), thus EVAL(Cs,s, ^s) is not #P-hard; 
Observation 2: F^qJ satisfies (letting x' = Ilo(x)) 

r-n^ \ T7 p TT (^o,i,i ^o,i,2)-wW-(yo,i,i yo,i,2)^ -r-r kij-x[ . yi^ij 

i6[g] ie[s]je[tj 

na:o,i,iyo,i,i+a:o,i,2S/o,i,2 TT xi,i.jyi,i.j 
^d, 11 '^9.,/ 

By Observation 2, it is easy to show that Cs,s and (together with appropriate q',t', Q') satisfy 
condition (TZ). Since EVAL(Cx;,S; ^e), by Observation 1, is not ^^P-hard, it follows from Theorem 15.51 
and (jl04p that D''"!, for all r, satisfy conditions (£2) and (£3). This proves Theorem 16.51 since (C'l) and 
(£'2) follow directly from (£2) and (£3), respectively. 

We continue to prove Theorem 16. 6[ Suppose EVAL(F,S)) is not ^P-hard, then the argument above 
shows that (C£,e5 ^t,) (with appropriate p',t', Q') satisfies both (7^) and (£). Since by Observation 1, 
EVAL(Cs,E, ^sj is not #P-hard, by Theorem ES] and (fTOil) . dM satisfies {V2) and (P4) for all r e Z. 

Condition (V^) follows directly from (1*2 )• To prove (2^2) 1 ^' denote F^gj- 

By (2?4), for any r £ Z, k £ [s] and a G Pj.™, there exist b G Zq^. and a G Z^r such that 



^N-Fi^ = D':U-DP, for all X G p., where FL^^=F^^^^^^^. 

Also note that works within each prime factor, so there exists a b' G Zq^. such that 5]o(b) = b', and 
(P^) follows. 
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16 Tractability: Proof of Theorem 16.71 

In this section, we prove Theorem 16.71 The proof is almost the same as the one of Theorem 15.71 for the 
bipartite case. 

Let ((M,iV),F,S), (d,>V,p,t, Q,/C)) be a tuple that satisfies {'Jl'),{C') and (V). The proof has the 
fohowing two steps. In the first step, we use {TZ'), {£.') and (V) to decompose the problem EVAL(F,S)) 
into a cohection of s subproblems (Recall s is the length of the sequence p) : 

EVAL(fW,S)W), . . . , EVAL(fW,S)W), 

such that, if every EVAL(FW,S)W), i e [s], is tractable, then EVAL(F,S)) is also tractable. In the second 
step, we reduce EVAL(fW, for every i E [s], to problem EVAL(7r) for some prime power vr. Recall 
that EVAL(7r) is the following problem: Given a quadratic polynomial /(xi, . . . ,Xn) over Z,r, compute 

By Theorem 112. 11 we have for any prime power vr, problem EVAL(7r) can be solved in polynomial time. 
As a result, EVAL(F[*1, D^) is tractable for all i £ [s], and so is EVAL(F,D). 

16.1 Step 1 

Fix i to be any index in [s]. We start by defining fW and 

For any x G Zq. , we use x to denote the vector y G x Zg = 11^=1 such that 

yj = X and = for ah j / i, where y = (yi, . • • , y^) and yj G Zq^, . 

First, we define F^. F^ is an rrij x rrii symmetric matrix, where mj = |Zq. |. We use Zq. to index 
the rows and columns of F^. Then 

i4*y = Fsi y, for ah X, y G Zq^. 

By condition {TZ'^), it is easy to see that F,FW,...,FW satisfy 

F = fW ^ ... «)FW. (105) 

Next, we define S)W = {D^*''^], . . . ,D[*'^^^1} is a sequence of rrii x rrii diagonal matrices: D^*''^! 
is the rrii w-j identity matrix; and for every r G [A^ — 1], the x*'* entry, where x G Zq, , of D^*'''] is 

extr(x) 

By condition (T>[), we have 

dM =D[1''^1 «)...®D["'^], for ah r G [0 : iV- 1]. (106) 
It then follows from (fTOSl) and (fT06D that 

Zf,^{G) = Z-p[i]^^[i]{G) X ... X Zp[si (G), for all undirected graphs G. 
As a result, we have the following lemma: 

Lemma 16.1. 7/ EVAL(F['1, S)H) is tractable for alii G [s], then EVAL(F,D) is also tractable. 
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We can use condition (^'2) prove the following lemma about the matrix D^*'''] (recall Z is the set 
of r G [iV — 1] such that dM / 0, and Vr^i is a coset in Zq^ for every i E [s], such that, = Iliefsl '^r,i)'- 



Lemma 16.2. Let r ^ Z. Then for any i G [s], a G FJ,'^, t/iere exisi b G Zq. anrf a G Zjv such that 



Proof. By the definition of dI*''"], we have 



x+a X extr(x+a) ext,. (x) extr(x)+a extr(x)' 



Then by condition (2^2) > know there exist b G Zq,. and a G Zjv such that 



• ^^'^ = '^^^ • ^b,ext,.(x) = ■ n,x> for all X G F,„ 
and the lemma is proven. □ 



16.2 Step 2 

Now we let EVAL(F,3) denote one of the subproblems EVAL(FW,S)W) ^e defined in the last step. By 
conditions (TZ'), {C), (T>') and Lemma ll6.2l we summarize the properties of (F,5)) as follows. We will 
use these properties to show that EVAL(F,S)) is tractable. 

{J-'i) There exist a prime p and a sequence tt = (vri > vr2 > . . . > tth) of powers of p. F is an m x m 
symmetric matrix, where m = 7ri7r2 . . . vr^. We let tt denote vri and use = x . . . x Z^^ to 
index the rows and columns of F. We also let T denote the set of pairs G [h] x [h] such that 
TTj = TTj. Then there exist Cij G Zjr^ = Z,rj for all G T such that Cij = cj^i and 

-^x,y = JJ Lo'n";''''^' , for all X = (xi, . . . , Xh),y = (yi, • • • , y/i) G Z„, 

where we use Xi G Z,r,; to denote the entry of x (The reason we express F in this very general 
form is to unify the proofs for the two slightly different cases: (F^^],©!^]) and (fW,S)W), i > 2); 

{J-2) ~ {D^*^^, . . . , Dt^""*^!} is a sequence oi N m x m diagonal matrices, for some positive integer 
with TT I N. is the identity matrix; and every diagonal entry of DM, r G [A^ — 1], is either or 
a power of ujn- We also use Z^r to index the diagonal entries of D^'^l; 

(^^^3) For every r G [0 : — 1], we let F,. denote the set of x G Z„ such that 7^ 0, and let Z denote 
the set of r such that F^ 7^ 0. For every r G 2^, F,. is a coset in Z^. Moreover, for every r G Z, 
there exists a vector a'^l G F.^ such that ^[jj.] = 1; 

(.F4) For all r G Z and a G Fj!°, there exist b G Z^ and a G Z^r such that 



^xla • = • Fb,x, for all x G F,. 

Now let G be an undirected graph. Below we will reduce the computation of Zf,j)(G) to EVAL(7f), 

where vf = vr if p 7^ 2, and vf = 27r if p = 2. 
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Given a E Z.,^. for some i S [h], we use a to denote an element in Z^f such that a = a (mod vTj). For 
definiteness we can choose a itself if we consider a to be an integer between and vTj — 1. 

Let G = {V, E). We lei Vr, r ^ \fd : N — 1], denote the set of vertices in V whose degree is r mod N . 
We further decompose E into Uj<jg[o:Af-i]-E'ij, where Ei^j contains the edges between Vi and Vj. 

It is clear that \iVr ^ ^ for some r ^ then Zf,j)(G) is trivially 0. As a result, we assume = 
for all r ^ Z. In this case, we have 



n n 



where the sum ranges over all assignments ^ = (^^ : — *■ Tr | S 2^) such that ^(t') = x^,. 

Next by using Lemma ll2.31 we know for every r ^ Z, there exist a positive integer Sr and an x /i 
matrix over Z:^ which gives us a uniform map 7['"1 (see Lemma 112.31 for definition) from Z^:'' to F^: 



7f'(x) 



xAJ'J + af 1 (mod ^i) ) , for all i G [/i] 



Recall that for every r G Z, a'*"! is a vector in such that = 1. Thus, D^!j^r](Q-^ — 1- Because 7I' 
is uniform, to compute Zf,j)(G), it suffices to compute 



n I n 051,,.., 



E 



n n ^ 



7M(xi.),7['-'l{x.) 



where the sum is over 



If we can show for every r ^ Z, there is a quadratic polynomial /'^l over Z^f, such that, 

/M(x) 



for all x G Zi^ 

and for all r < r' G 2^, there is a quadratic polynomial /[^''"'l over Z^f, such that 



7H(x),7['-'l{y) 



ijj- 



/['■■'■'' (x,y) 



, for all X G Zl'' and y G Z^' , 



(107) 



(108) 



then we can reduce the computation of Zf,33(G') to EVAL(7f) and finish the proof. 

First, we prove the existence of the quadratic polynomial /['"''']. By condition (J^(), the following 
function /['''^'l satisfies (fTOHD : 

/'-■kx.y)= E (^)-.,r7r(x).7r(y)= E 5.(^)(-<i+Hr')(y<'+ar'). 

Note that (i,j) G T implies that tTj = vTj and thus, 

7f^(x),7r(y)e^-. = ^-.- 

The presence of vf/vrj is crucial to be able to substitute the modvrj expressions for 7|'"'(x) and 7j'^^(y), 
as if they were modvr expressions. It is clear that is a quadratic polynomial over Z^. 
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Next we prove the existence of the quadratic polynomial f^"^'. Let us fix r to be an index in Z. We 
use Si, i ^ [sr], to denote the vector in Zi'' whose i^^ entry is 1 and all other entries are 0. By (^4), we 
know for every i G [sr], there exist Oj G Zjv and bj = G Ztt, where bij £ Zj^., such that 

n'''! . _ , . tt J'-j r 11 ^ ^^s, 

%H(x+e,) ^'yb-]{^)-^N H ^^j ' tor all x £ i:,^^ . 

We have this equation because 7M(x + e^) — 7['"l(x) is a vector in that is independent of x. 

By the same argument we used in the proof of Theorem 15.71 ( (j90p and (j9ip . more exactly), one can 
show that io'^ must be a power of a;??, for all ? € [s^]- As a result, there exists f3i £ Z^f such that 



d'X.., ■ ^5^l(x) = -MI '^'^ - e Z^. (109) 

jm 

Again, by the argument we used in the proof of Theorem 15.71 every non-zero entry of DM must be a 
power of Lv^. Therefore, there does exist a function /M from to Z^f that satisfies p07j) . To see /W 
is a quadratic polynomial, by (jl09p . we have for every i £ [sr], 

/M(x + e,) - /M(x) =A+Y1 (\j ■ (-) (xAM +3^)") , for all i £ [s,] and x £ Z|^ 

jelh]^ ^^^^ ^ 

which is an affine linear form of x with all coefficients from Z:^. 

By using Lemma 112.41 and Lemma 112.51 we can prove that /'^l is a quadratic polynomial over Z^, 
and this finishes the reduction from EVAL(F,S)) to EVAL(7r). 
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